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During our travel through Ecuador | received a mail with a — for me — unknown sender
address: "kcozart":

From kcozart: 19. 12. 2016
Hello

I would like to know if a function could be programmed with derive 6.1 for windows to to this.

For example, the number 12345. Add the individual digits. Which would be 15 but do it for any num-
ber length.

This will figure your zodiac sign.

This was the whole mail — without any signature - together with an attached DERIVE file:

This program will figure your Zodiac Sign for your date of birth

ZODIAC_SIGN(7, 12, 1952) = [July, 12, 1952, Cancer the Crab]
ZODIAC_SIGN(5, 29, 1988) = [May, 29, 1988, Gemini the Twins]

ZODIAC_SIGN(11, 11, 1945) = [November, 11, 1945, Scorpio the Scorpion]

| don't reprint the DERIVE code. You will find the file in MTH105.zip.
| sent my (Ecuadorian) idea to solve his problem:

s1(n) := 3(VECTOR(c - 48, c, NAME_TO_CODES(n)})
s1(12345) = 15

51(1234566092234567101117) = 76
From kcozart: Thu, 22 Dec 2016

In the Derive News Letter years ago in volume 27 a lady published a formula for the Summing of
Digits which was this.

p p

s(n) = E[ITERATES[[FLOOR[—J, p - 10-FLO0R[—J], [p. ql. [n, nl, FLOORCLOGCn, 10)) + 1}‘ ] -n

10 10
2

s(1234566092234567101117) = 76
This can be shortened to this and will work the same.
p p
s(n) = ¥| ITERATES| | FLOOR| —— |, p - 10-FLOOR| —— ||, [p]., [nl, FLOOR(LOG(n, 10)) + 1]
10 10
2
5(1234566092234567101117) = 76

also the one below will multiply digits:

p p
prin) = H[ITERATES[[FLOOR[————], p - lU-FLOOR[————]], [pl, [n], FLOORCLOG(n, 10)) + 1]' ]
10 10
2

pri123456789) = 362830
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Dear DUG Members,

Believe it or not, end of March I was proud fo be ready with DNL#105. It was just to
write my letter. We went for some days skiing. It was a wonderful day - sunshine, a
marvellous slope - and then it happened: I had a bad accident resulting in a broken cla-
vicula and 10 broken ribs (right side). And this was the end of my intention to send the
DNL in time.

In the meantime, I had been some days in the hospital and since two days I am able to
type with my right hand, too. So, let's make an end with this DNL.

H. Langlotz and W. Zappe were busy exploring the latest TI-NspireCAS version (v. 4.4)
and present one of its new features: the inverse binomial distribution. Another im-
portant improvement is the much better implicit plotting. Michel Beaudin provided a
respective article for us. I add a screen shot, the paper will be published in DNL#106.
Here we find a presentation dealing with the “old" implicit plotting tool (TIME 2016).

Then we have an extended paper presented by our very loyal friend and member Jean-
Jacques Dahan who is investigating 2D- and 3D-stars using CAS and Dynamic Geometry
as well. JJ presented his stars at TIME 2016 in Mexico.

We have a new member from Switzerland - yes, there still CASers (DERIVE and TI-
NspireCAS) who join the DUG - who sent some interesting questions. There is just
space for treating one of them (Bug or not a Bug?). The next ones will follow.

At the moment, we have winter days in Austria - snow, degrees below zero, ...

s

Hoping that you have better weather with best regards as ever

Download all DNL-DeRIVE- and TI-files frc
http://www.austromath.at/dug/

122 (23| 2.4 Poly...ing RAD {1 B8
1.7:f;.-
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The DERIVE-NEWSLETTER is the Bulletin of
the DERIVE & CAS-TI User Group. It is pub-
lished at least four times a year with a content
of 40 pages minimum. The goals of the DNL
are to enable the exchange of experiences
made with DERIVE, TI-CAS and other CAS as
well to create a group to discuss the possibili-
ties of new methodical and didactical manners
in teaching mathematics.

Editor: Mag. Josef B6hm

D Lust 1, A-3042 Wiirmla, Austria
Phone: ++43-(0)660 3136365
e-mail: nojo.boehm@pgv.at

Contributions:

Please send all contributions to the Editor.
Non-English speakers are encouraged to write
their contributions in English to reinforce the
international touch of the DNL. It must be said,
though, that non-English articles will be warm-
ly welcomed nonetheless. Your contributions
will be edited but not assessed. By submitting
articles, the author gives his consent for re-
printing it in the DNL. The more contributions
you will send, the more lively and richer in
contents the DERIVE & CAS-TI Newsletter
will be.
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"kocart" was right. The "lady" was Nurit Zehavi — best regards to Nurit. | must admit that her
function is much more mathematically than my one. Maybe that in times of DNL#27 no string
processing functions were available in DERIVE.

Two more — very short mails — containing attachments came in:
From kcozart: These two will figure the day you were born on.
DAY_OF_WEEK2(7, 12, 1952) = [July, 12, 1952, Saturday]
DAY_OF_WEEK2(7, 4, 1776) = [July, 4, 1776, Thursday]
DAY_OF_WEEK2(3, 6, 2017) = [March, 6, 2017, Monday]

| could not resist bringing the result in a nicer form:

DAY_OF_WEEK1(7, 12, 1952) = 12 July 1952, Saturday

DAY_OF_WEEK1(7, 4, 1776) = 4 July 1776, Thursday

DAY_OF_WEEK1(3, 6. 2017) = 6 March 2017, Monday

DAY_OF_WEEK1(11, 11, 1945) 11 November 1945, Sunday

The other will figure the day of Easter.
DATE_OF_EASTER(2017) = [APRIL, 16, 2017]
DATE_OF_EASTER(1492) = [March, 27, 1492]
Dear "kcozart",

many thanks again for your interesting files.

| don't know your email-address. Are you member of the DUG (DERIVE User Group)?
If you are not then I'd like to invite you to join.

It would be great to learn who you are and where you live?

Best regards from Austria,

Josef

Then the secret was unveiled:

From kcozart: Sun, 22 Jan 2017

It was newsletter 17 where | was talking a man named Hadud about matrix redim. Mentioned Keith
Williams that is me.

Dear Keith,
| am sorry that | didn't remember the name.

It's long ago, DNL#17 appeared 1995 and at these times you had an extended communica-
tion via the Data Board.

Are you still busy with DERIVE?
What makes the difference between the "sum-function" from DNL#27 and the "new" one?

| believe that at times of DNL#27 DERIVE didn't provide functions for working with strings.
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It would be possible to adapt the function in such a way that even decimal numbers could be
processed. I'd like to add the digits even if they are separated by a decimal point: s(1.2345) =
s(12.345) = 5(0.12345) = s(12345) = 15.

Best regards
Josef

| will include your files in the next issue of our DNL (and remind our community on DNL#17!!!)

From kcozart: Wed, 25 Jan 2017
Every now and then | think of something and | will use Derive.
And yeah that has been 22 years ago. | was 43 years old then and now will be turning 65. The years
sure do fly by as a person get older.

This is my (Josef’s) attempt to sum up the Precision := Exact

digits even for decimal numbers. Notation - Decima]

s0(n) =
- , . If FLOOR(n) = n
Precision and Notation are important. Oth- s1(n)
erwise you might lose digits for long num- s1(n + 2)
bers or you will get incorrect results, e.g. s0(123456.6092) = 76
Notation := Rational s0(3.45) = 12

s0(0.00345) = 12

[s1(3450), s1(3.45)] = [12, 16]

Problem for DERIVERSs: Can you find out the reason for the result 16? (s1 from above)

Problem with resources producing a large list of random numbers
(TI-NspireCAS)

... we have a problem with OS 4.4.

The program attached (it is made by Josef Bohm) works fine till OS 4.3 You can plot more than 2000
points. But in 4.4. you got a problem with resources already with 800 points???

Best regards

Hubert

This is also a question of calculation mode
settings:

© Exact Mode

In Auto Mode the random numbers will be

stored as a decimal number which needs rand() 25681239919971

much less memory space than storing e
them as fractions. ® Auto Mode

So check your settings (or you might add a rand() 0.911161

program line: setmode(5,1)). Then Auto
Mode will be set by the program. |
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Inverse Binomial Distribution
Hubert Langlotz/ Wilfried Zappe

Since TI-Nspire OS 4.4. are functions available which enable applications of the "inverse"
binomial distribution. This can replace all methods like using nSolve and systematic trying.
Example 1

Let X a binomial distributed random variable with n =75 and p = 0.3.
Find the largest integer k with P(X < k) < 0.95.

Solution methods until now are:

1. Systematic trying

binom(C4df(75,0.3,0,25) 0.777251 The DERIVE way:

binomCdf{(75,0.3,0,27) G3a4090 bin_cdf(k, n, p) := BINOMIAL_DISTRIBUTION(k, n, p)
binomCdf(75,0.3,0,28) 0.932406 bin_cdf(25, 75, 0.3) = 0.777251
binomCdf(75,0.2,0,29) 0.95862 bin_cdf(27, 75, 0.3) = 0.894665

Up to k = 28 the cumulative probability is | bincdf(28, 75, 0.3) = 0.932406
below 0.95, hence P(X < 28) < 0.95, but | bin_cdf(29, 75, 0.3) = 0.95862

P(X < 29) > 0.95.

2. Applying nSolve

nSolve(binomCdf(75,0.3,0,0)=0.95k,1)  29. There is no way to “NSOLVE” this equation
with DERIVE - but there is another tricky
way. Look at this (Josef):

MAX(SELECT(bin_cdf(k, 75, 0.3) < 0.95, k, [0, ..., 50])) = 28

TI-nSolve gives for the cumulative distribution binomCdf always the first value k, with its prob-

ability above the given border. It is necessary to add an initial value for the variable k (here
k = 1). One can see that — with respect to the problem given — the result must be reduced
by 1. This problem arises often in hypotheses testing at finding the rejection region.

3. Using a table TABLE([k, bin_cdf(k, 75, 0.3)1, k, 25, 30)

A . [ 25 25 0.777251 ]
® A xk B bv

= | =seq(k,k,( =binomcdf(75,0.3 26 26 0.843297
3__, 28. 0.932406 27 27 0.894665
2. 29;- 0.95862 268 28 0.932406
31 20 0.975846 29 29 0.958620

, _ [ 30 30 0.975846 |
It is very easy to find the requested

boundary k = 28
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But things are becoming more complicated inspecting the following problem which is a one
tailed (right tailed) significance test:

Example 2

A producer of pharmaceuticals wants to test if his painkiller is better than all other products on
the market, which help in 50% of usage. He organizes a test with 50 patients on a signifi-
cance level of 1%. What is the rejection region for the null hypothesis Ho: p < 0.5?

Solution methods until now:

1. Systematic trying

binomCdf(S0,0.S,S.?,SO] 0.032454 The rejection region for Ho is {34, . 50}
binomCdf(50,0.5,33,50) 0.01642
binomCdf(50,0.5.34.50] 0.007673

2. Applying nSolve

|
nSolve(binomCdf(50,0.5,k,50)=0.01,k,23) nSolve(binomCdf(50,0.5,4,50)=0.01,k,20)
33. 33,
binomCdf(50,0.5,23,50) 0.01642 binomCdf(50,0.5,32,50) 0.01642
nSolve(binomCdf(50,0.5,k,50)=0.01,k,34) nSolve(binomCdf(50,0.5,4,50)=0.01,k,24)
"Fehler: Bereichsfehler" "Error: Domain error"

Here it is obvious that one has to understand the nSolve-command and secondly one can see
that this command does not work properly when using an inappropriate initial value.

3. Using a table

A xk B binrechts X ® A xk B bin_right C 2l
=seq(k,k,{=seq(binomcdf(50 B OO OO e 1
) 0.101319 31 30 0.101319
31 0.05946 - 21 0.05046
32 0.032454
33 32 0.032454
33 0.01642 -
3 0.007673 33 0.01642
3 34 0.007673 | =]
bin_right:=seq(binomcdf(50,0.5,‘&',50],’ 4| b

We can easily read off the left boundary of the interval but for finding the right boundary we
have to sum up all single probabilities from the actual k-value to n. This is in our opinion com-
plicated and error prone.
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Because of all these reasons we have recommended to our students applying systematic

trying. (There are also graphic solution methods and methods using the sigma interval which
will not be treated here.)

What's new in OS 4.4
The catalogue offers two new functions for the so called ,inverse“ binomial distribution.

1. invBinom()

Problem 1 from above can now be solved in the following way:

rao {J1| B3

[1.0]1.2

1:60 | 2: [z [ 3:5E | 42 = | Sereifs

fc

integral(

invBinom( interpolate(

invEinomN( S invBinom(

W = Assistenten aktiv ¥ =« Wizards On
invBinom(CumulativeFrob, NumTrials, Prob, QutputForm)
OutputForm) OutputForm=0, result in scalar form (default)
OutputForm=0, Ergebnis in skalarer Form & | || QutputForm=1, result in matrix form [~ ,'
(voreingestellt) !
OutputForm=1, Ergebnis in Matrix-Form [~ L

OutputForm =0 (result in scalar form) gives k’ = 29. This is the first value outside of the

interval [0; 1; ...; K]. Check with binomCdf confirms that the requested number k = 28. The
interval we like to know is [0; 1; ...; 28].

g 1.1 1.2 I3 *Doc <
! Kumulative Wahrscheinlichkeit: | SRS
Cumulative Prob: M
W hAHZr-] Velfs:lihi. " Num Trials, n: L:l
ahrscheinlichkeit, -— -
Anzeigen von Ergebnissen: s FLE A b [ 0'3‘ :I
[] Matrix-Form Display Result: [_] Matrix Form
ok [Abbruch) |ok| [cancel
| oK | Avbrucn| E—

invBinom(0.95,75,0.3) 29 [
binomCdf(75,0.3,0,29) 0.95862
binomCdf(75,0.3,0,28) 0.932406

Al
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OutputForm =1 (result in matrix form) gives the last value within the interval [0; 1; ...; K]
together with the first value outside. Additionally, the respective summed up probabilities are
presented: P(X < 28) ~ 0.932 and P(X < 29) ~ 0.959.

We can conclude that the solution is k = 28 immediately.

" 4 *Doc =

. Mum Successes
mwv

Kumulative Wahrscheinlichkeit:

Cumulative Prob: | 0.95 |

. -_ b'
e Yefsum,e’ R Tn Mum Trials, n: | 75 |
e B = Frob Success, p: | 0.3 |
Anzeigen von Ergebnissen: | . - .
Display Result:
(k| avbrucn| |o] |cancel

[<I
|1

invBinom(0.95,75,0.3,1) {28 0.932406]
29 0.95862

We can “invent” invbinom for DERIVE:
invbinom(p_, n, p, n_) = MAX(SELECT(hin_cdf(k, n, p) = p_, k, [0, ..., n_1D2) + 1

invbinom{0.95, 75, 0.3, 100) = 29

Solution of Problem 2 from above using invBinom()

invBinom(0.99,50,0.5) 33 Because this is a right tailed test, and
invBinom(0.99,50,0.5,1) [32 0.98358 because invBinom always returns the
%5 QAN upper boundary g of interval [0, g] for a
binomCdf(50,0.5,0,32) 0.98358 given probability we must work with the
binomCdf(50,0.5,0,33) 0.992327 inverse probability of the significance lev-
binomCdf(50,0.5,0,34) 0.9967 el: invBinom(1-0.01,50,0.5,1).

The check with binomCdf gives final certainty of the left boundary g = 34 of the rejection re-
gion. You see that there are a lot of considerations necessary to solve problems of this kind
using invBinom() correctly. We recommend the approach applying systematic trying as a sen-
sible alternative.

DERIVE:  invbinom(0.99, 50, 0.5, 100) = 33
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2. invBinomN()

Example 3

Let X a binomial distributed random variable with p = 0.3 and probability P(X < 28) < 0.95.
What is the sample size n?

*Dok —

integral( integral(
interpolate( interpolate(
invBinom( invBinom(
invEinomN( fan invBinomN(

¥ = Assistenten aktiv v = Wizards On
invBinomN(CumulativeProb, Prob, invBinomN(CumulativeProb, Prob,
NumSuccess, OutputForm) NumSuccess, OutputForm) !
OutputForm=0, Ergebnis In skalarer Form o] | L OutputForm=0, result in scalar form (defaulty < || L
(voreingestellt) ! |OutputForm=1, result in matrix form 5 Ll
OutputForm=1, Ergebnis in Matrix-Form = IZ.

=

OutputForm =0 (result in scalar form) gives n = 74. This is the value for n with its cumula-
tive probability the largest value less or equal the given value. The check with binomCdf
shows that the cumulative probability for n + 1 is less than and for n — 1 is greater than 0.95.

ok —

Anz. Versuche

| Kumulative Wahrscheinlichkeit: m
Wahrscheinlichkeit, p: RrabSceaasee 0.3 :l

Num Trials

Cumulative Prob: |095—:|

Erfolge, x: 28|

Successes, x: I 28| :I

Display Result: [ | Matrix Form

Anzeigen von Ergebnissen:

[ ] Matrix-Form

{ok| [cancel

fox| e

I
Al

*Dok ~
invBinomN(0.95,0.3,28) 74
binomCdf(74,0.3,0,28) 0.942542
binomCdf(75,0.3,0,28) 0.932406
binomCdf(73,0.3,0,28) 0.951543
|

=

OutputForm =1 (result in matrix form) returns the minimum value for n with its cumulative
value greater than the given probability and the maximum value for n with P(X < 28) < 0.95 as
well. In addition the values of the distribution function are presented:

P(X73,03 < 28) = 0.952 and P(X74.03 < 28) ~ 0.943. The solution is n = 74.
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4| [ » *Nok =—

invbinom ==

g 1.0 112 |3

Num Trials

Anz, Versuche

inv

n Cumulative Prob: M

Kumulative Wahrscheinlichkeit:

o bi
Wahrscheinlichkeit, p: i N —
Erfolge, x: -_28 bin ) [—:l
Anzeigen von Ergebnissen: - Successes, Xi | 28
Y Dpisplay Result: ﬂ
(o] [avorucn| (o] |cancel

invBinomMN(0.95,0.3,28,1) {73 0.951543]
74 0.942542

See the equivalent DERIVE function:

invbinomn(p_, p, k, n_) = MIN(SELECT(bin_cdf(k, n, p) = p_, n, [0, ..., n_]1))

invbinomn(0.95, 0.3, 28, 500) = 74

(The last argument n__is the upper boundary of [0, ..., n_] where to search the solution. The
same for argument n_ in invbinom from above.)

At least — at least — at least problems (Mindestens-Mindestens-Mindestens-Aufgaben)

The common way to tackle so called ,at least-at least-at least problems® ( we ask for at least
one success) is solving an exponential equation or again systematic trying.

Example 4
How often must a die at least be rolled to get at least one 6 with a probability of at least 99%7?

This is the usual way:

P(Xnp>1)=1—=P(Xnp =0), i.e. 1-(%} 30.99

5\n nz25.2585
solve 1—(—) 20.99,n
&
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1 0.987421
binomCdf (n,;, 1,n)|n=24
Systematic trying gives the same result: 1 0.989517
binomCdf(ﬂ,;,l,nJ|n=25 )
1 0.991265
binomCdf(n,E,l,n)|n=26

Using the new command invBinomN we have to take care:

1
ianinomN[D.Dl,—,D]
&

oBimomiilo.01 L o1 25 0.010483
B 26 0.008735
, 1 0.010483
binomCdf|25,—,0,0
6
0.008735

1
binomCdf‘[%,—,0,0]
A

26

The respective DERIVE command:

1
invbinomn[ﬂ.ﬂl,
[

We have to roll the die at least 26 times — or we have to roll at least 26 dice.

Example 5

—, 0, lﬂﬂ] =

26

How often must a die at least be rolled to get at least 100 times a 6 with a probability of at

least 99%7?
1
invBinomI 0.0S,—,QQ] 693
6
moBmomnloos Looq| [692 0-05104
IRVEMOmARE TR 603 0.049330

binom Cdf

1
692,—,100,692}
]

1
binomCdf[GQB,—,100,693]
A

0.94896

0.9506?1

The die must be thrown at least 693 times.

'l l Y

invbinomn| 0.05, —, 99, 100
L9 .
'l l Y

invbinomn| 0.05, —, 99, 500
. 6 y
i 1

invbinomn| 0.05, —, 99, 1000
\ 6

40 sec

]:693

In our opinion for both commands the output in matrix form (1 as fourth parameter) seems to
be the more meaningful one because by comparing both cumulative probabilities it is easier
to find out which one of both values gives the solution of the problem. Besides this we think

that the approach by systematic trying is still a suitable alternative to the new commands.
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Investigating stars in 2D and 3D with DGS and CAS

(a model of research work at all levels)
Jean-Jacques Dahan
Paul Sabatier University, IRES of Toulouse, FRANCE

Abstract

This paper is the story of a research work mediated with technology and especially with DGS (T
N'Spire, Cabri 2 Plus and Cabri 3D) and CAS (TI N'5pire and Maple). It aims to show the principal
stages of such an experimental process and some very important technigues of investigation. We
will show the importance of collecting and interpreting data to increase the possibility to get some
conjectures related to interesting relations between areas or volumes and to validate or invalidate
them. Moving from 2D to 3D will give the opportunity to show the crucial role of generalization in a
math research work Changing the direction of a research can enrich the given problem and gives
other perspectives of research. This paper gives also the opportunity to provide to teachers
different examples of investigation that can be performed by students at different levels, from the
level af middle schoal to the college level

1. First investigations with circles constructed from regular polygons
1.1. Presentation of the problem

figure 1 figure 2 figure 3

We start with regular polygons (called n-gons. from an equilateral triangle to a regular
octogon) as shown in figure 1. We can see in the same figure the n circles of these n-gons
centred at each vertex and having as a radius the length of the side.

In figure 2, we focus our attention on some parts of these circles which are the bold arcs
containing two exterior intersection points of the circles and the center of the n-gon. We
can see n-stars corresponding to n-gons.

In figure 3, we focus our attention on the biggest n-stars constructed in figure 2. The
vertices of these stars define another n-gon. It is easy to prove that these polygons are
regular polygons

1.1.2. What do we want to do ?

We want to explore a possible relation between the area of the initial polygon and the
final one. In order to find out a possible ratio we will experiment in using the measuring
tools and the calculator of the software.

1.2. Collecting data and interpretation
1.2.1. Collecting data (figure 4)
For each case, we measure the areas of the two polygons, evaluate the ratio between the

second one and the first one (in evaluating the expressi&n% created on the left side of

figure 4) and display the results on the screen under each case. This table summarize the
results got in experimenting like this.
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In the first line the number n of sides of the initial and final polygon.
In the second line the ratio between the area of the final polygon and the initial polygon.

n 3 4 5 b 7 8

ratio 4 3.73 3.34 3 2.73 2.52

TRAE MEXICO 1

- TIME MEXICO 1

-4.06 |
figure 4 figure 5

1.2.2. First regression (figure 5)

The previous figures are constructed in a geometry page. Figure 5 is a figure of a Graphs
& Geometry page. In this figure we have constructed the 6 points having as coordinates
(n, ratio). Perceptively we can see that this set of points belongs approximatively to a
line. So we have constructed a line having y = ax+b as an equation, which allows us to
franslate and to rotate it until we obtain the superimposition of these points and and the
line. Which is hidden behind that is the conjecture of a linear relation between these
areas and the validation of this conjecture perceptively (praxeology G1).

A deductive approach of this figure (in the meaning of Duval) can help to invalidate this
conjecture : in fact, this ratio is a positive number and cannot be negative for any n
which is not the case in the right part of figure 5.

1.2.3. More data lead to abandon DGS and change the direction of the research

If we conduct the same experiment with other n-gons but with n > 8 (from n =9 to 14),
we obtain what you can see in figures 6. 7 and 8

1 05057
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—_———
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=
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[ vl I —

| BRI T W g a0y | | I T U g 1 |

figure 6 figure 7 figure 8
Figure 6 shows the experiments conducted. The conjecture telling that there is a linear
relation between the areas is definitely invalidated (perceptively : again G1) by figure 7.
Another conjecture can appear when we construct the conic passing through 5 of the 12
points represented here. Perceptively again, it seems that this branch of hyperbola
approximate this set of points. But like in the previous experiment, an expert approach
of this graph and this conic which is a deductive approach leads to the rejection of this
conjecture because this hyperbola will cross the x-axis which is impossible.
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To increase the accuracy of
our regression let us use a
table filled manually (figure
9) and its quick graph
(figure 10). Then, we can
fry below, to approximate
this graph with sewveral
regressions

Quadratic regression :
Done in figure 11: not to
bad.

But in figure 11, this
approximation is rejected.

Cubic regression :

Done in figure 12: not to
bad again.

But in figure 13, this

approximation is rejected.

Quartic regression :

Done in figure 14: not to
bad again.

But in figure 15, this
approximation is rejected.

& Bt | =3z % 14) 4k
figure 9
qp] Wy 00167 x o0 4787 o5 2087
324
&
ﬂ
26
20
2345678 91011121314
st

figure 11

23456 J"IE B 1011121314
5t

figure 12

BE 78 91011121314
fistt

figurel4

2345678 011121314
izt

figure 10
g g R = 00167 x7 a0 4787 x5 20ET
22
=
ﬂ
26
20
2 46 8101214168202
iset

figure 12

- 00 0. 0E1E w040 5919 w0+

24681 1'2;':11'5"5 W 2 2 A
st

figure 13

12 % 20 A

A
izt

figure 15

The power, exponential and logarithmic regressions that we can perform, presented
below, respectively in figures 16, 17 and 18, are, on the first glance, definitely not
appropriate. It is why, at this stage of our work ,we decide to try to find out formally the
possible relation between these areas.
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=5 674541 4844 Inkx]

=4 7378 L0 g0zt

2345674 1011121304 2345674 81011121314 2345678 1011129394
=it list? isit

figure 16 figure 17 Figure 18

1.2.5. The formal proof
The experimental process we have conducted until now aimed to lead us to a conjecture
easy to guess. As it was not the case and we think that we are skilled enough to discover
this possible relation formally, we conduct the following reasoning.

T We evaluate the area of an n-gon (regular polygon with n
oo sides) inscribed in a circle having r as a radius. In figure 19, 44"

is one of the side of the initial n-gon.

ﬂH=r‘.£ﬂs{%] and AH=r.sfn{E]. Then, the area of triangle 044" is

given by : rﬂ-sin{%].cus{%]. Finally the area of the n-gon is:

:|-:u'2 . Zm
F= T Slﬂ{:}

_________

Now we evaluate the area 4 of the biggest n-gon obtained by the previous constructions.
We need to know the radius of the circle in which this n-gon is inscribed

In the right part of figure 20, we
have represented the two n-gons
(the initial and the final).

The left part of figure 20 helps us
to evaluate ON which is the radius
of the final n-gon and by the way
its area A

figure 20

HN=AH.tan (3) = r/3.sin(3).
ON = OH + HN = r.cos(7) + rv/3 .sin(7) and then :
2
2="" (cos(D) +V3 sin(D))2 sin()
Finally, the ratio we wanted to evaluate, #/@ is given by the formula :
ratio = [cas{%] NE] .sin(f]}z

Remarks :
- We can understand why all our attempts of regression failed.
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2
- Aslim,_.. (cos EJ ++/3.5in E)) = 1. we can confirm the conjecture about the

points of the graph approaching the x-axis when n is increasing.
- Finally we can confirm graphically (figure 21) the accuracy of this formula in
displaying on the same system of axis, the curve of the fonction ratio(x) defined

by : ratio(x) = (ms G) ++/3.sin {13)2

3

In fact, we can check in figure 21, the
superimposition of this curve with the graph
representing the ratios obtained experimentally
(we have worked on G2 for the proof and
validated the result we obtained in Gl
Informatique)

[
- . [=
44 3 uml—

VX T}

T
rll_.‘l.I_I:LTJ.T =
T

figure 21

2. Second investigations with parabolas constructed from regular
polygons (focusing on areas of polygons)

2.1. Presentation of the problem

In this part. we try to solve the same problem where the circles are replaced by
parabolas having as a focus and vertex two consecutive vertices of the n-gon as shown
for a 4-gon (square) in figures 22, 23 and 24. Parabolas 1 and 2 are constructed in figure
22. The four parabolas appear in figure 23. The final 4-gon is constructed in figure 24.

- I.'II B I|I paabola ’:Ii
\ ,-"Il \ -._II,.L ) { . .xhh ..-1:_. I
) s, - v A
'- S SN ([=<C
—_— | III T I. xk\-
| | -..- 4 a 'II.
figure 22 figure 23 figure 24

In figure 24, we can see that the four parabolas can define a curvilinear square and two
stars (4-stars) with four petals each. We will focus our attention on these figures in the
next paragraph.

Here we conduct similar experiments to the ones conducted with the circles.

2.2. Constructing figures and collecting data

We experiment on n-gons from n = 3 to n = 11. The algorithm of construction is always
the same. Start with a regular polygon with n sides. Construct the n parabolas associated
to each couple of two consecutive vertices of this n-gon. Finally, construct the biggest
polygon (which is a n-gon too) defined by the intersection points between these
parabolas. Then we measure the areas of the two n-gons of each figure. Last but not the
least, we evaluate and display the ratio of these two areas. This work is displayed below
in figures 26 to 34. The biggest n-gon appears after zooming out because it is a lot more
bigger than the n-gon we started from.
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figure 32 Figure 33 Figure 34

2.3. An attempt to approximate the points (n, ratio) with a quadratic fonction

We plot these points in the system of axis of a Graphs & Geometry page and we display
the curve of the square function (figure 35). We deform this curve in translating it and
changing its curvature which is possible in this environment in order to approximate
better and better the previous points with a quadratic function (figure 36). The best we
can do is displayed in figure 37.

Figure 35 Figure 37
How can we use this last regression in order to generate a conjecture 7 One way is to
say : if there is a quadratic relation between n and ratio, this relation could be :
ratio(n) = 6.5.n2-25.
Helas, ratio(11) = 761.5 which is not the ratio 759 obtained experimentally (see figure
34). Then this conjecture has to be rejected.
2.4. The special case of the nonagon
We kmow that for an hexagon, all the circles constructed for the problem of paragraph 1
have the center of this hexagon as a common point (figure 38). During the experiments
conducted in paragraph 2 with parabolas, we had the opportunity, as shown in figure
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39, to conjecture that for a regular nonagon (a 9-gon) all the parabolas have the center
of this 9-gon as a common point. But if we zoom out. as done in figure 40, it is clear that
this conjecture is false. Some measurements in this last figure lead to state that the ratio
d/rwhere d is the distance between the center of the 9-gon and the vertex of one of the
9 parabolas and r the radius of the circle in which the 9-gon is inscribed is
approximatively 1.6%.

fh“' "’F_—M"'.
g s

4

"

figure 38 figure 39 figure 40

2.5. An attempt for a formal proof
2.5.1. A reminder about cartesian and parametric equations of parabolas
In order to start any proof using coordinates, we need to use the following results

(figures 41 and 42) where F is the focus of the parabola and (D) its directrix.

.1': =2py
ﬂ.]_,-
\ ..f........]w/
] .
Va) §
I
Y=t y=—
2p | 3 .
Figure 41 Figure 42

2.5.2. The formal proof with the technical power of the Note page
The principal issue is to evaluate the radius of the biggest star obtained with the

construction with parabolas.

We check on figures 43 and
44 that each vertex of the
biggest star is  the .
intersection point between — ) S, iy '
two consecufive parabolas ' -
which is not inside the
initial n-gon (the first point
can be seen in figure 43 figure 43 figure 44
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50, let us evaluate the distance between the center of the n-gon and one of this vertex
We try to solve this problem analytically. 5o we work in a system of axis where the

initial n-gon Ai...An is constructed with A; and Az symmetric with respect to the .}—3.‘.!{15
T .

We have represented in figure 45, 4;. 4:
and As, the three first points of the initial
n-gon. As angle £A.04, = % . the
coordinates of A: are obtained easily and
displayed on the right screenshot.
Coordinates of A; can be obtained easily
from the previous ones. In this figure, (P:)
and (P:) are two consecutive parabolas.
we will find out the coordinates of their

(]

A "'.

A2 (£2)

intersection points.

figure 45

In order to obtain the equations of (P;) and (P:). we use parabola (P) having A" as a focus
and 0 as a vertex (A'04:4; is a parallelogram). That allows us to get the equation of (F)
thanks to the previous reminder. The equations of (P:) and (P:) are obtained in using

the translation transforming (P) in (P:) (vector OA,) and the rotation centered in O
transforming (F:) in (P:) (angle %]. We show below all what we did in a Note page of TI
N'Spire (right column of the table below]).

Evaluation of the parameter p of
the three parabolas ->->->->->->->

Equation of (P) got with the
previous reminder ->->->->-3-2->

Cartesian equation of (P:) got with
the previous equation and the

translation which vector is 04, ->

Parametric equations of (P) got
with the previous reminder ->->->

Parametric equations of (F:) got
with the previous equation and
the same translation: two
functions depending of 3
parameters £ r and n created in
Math boxes : it is why their names
xptal and yptal are in bold in the
Note page -»-5-5-5-3-3-3-3-5-5-3

Common parameter p of the 3 parabolas {F), (F1] and [P2):

x|
p= 2.A1A2=-1..r_5'|:1(— |

m |
Equation of (P) :

4] .
B m= ey I.&,

.'l:
__I-z = K- .".ﬁll'l(—)' x
o

Eqquation of (P1)

o)) vl ool

Parametnc eguations of (P)

Parametric equations of (P1) :

i n
!{[llﬂ](.-"..-"..-'.-'} =——+r=n = De
- v

8- rsin| —
7

I
_','plal{.r.r'.r.r}. Fefo0s] = | ¢ Lhnie
]
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Creation in another Math box of
the matrix m of the rotation r
mapping A: onto Az ->->->->-5->

Sfill in a math box creation of the
matrix ml of the previous
coordinates.

Creation of matrix m2 of the
coordinates of a peoint of (P:) as
the image of a point of (P;) byr.

Evaluation of m2 :=m.m1 ->->->->

Transformation of matrix m2 onto
alistn2 -m-m-3--5-m-m-m-3om-

The paramefric equations of (FP:)
are the 1*and 274 term of n2 ->->

To get the intersection points
between (P:) and (P:). we
substitute in the cartesian
equation of (P:i). the parametric
equations of (P:) and we solve it
with respect to t And it does not
work : to hard for the software ->
We try to simplify the equation to
solve in replacing r by 1 and n by 4
(case of the square) and it does not
work again

I'm

r=rotalnd D, 1 rmappirg AT ol 42

W
m=mialrix of r

) ) ) )

ml.—[:DtE-I{'. s -

prallsrg)

m2:=m:ml

vl =) (n( 2]

i B e

i ~nxat klist{ m2)

[l {2 o) (22

Parametric eguatons of {F2)

xpea2lsrn):=n21] = Doneypta2(ee ) =n2[2] » Dowe

................................ B A B SN B SRR R B

Imtersectan betweean (P1) and (P2)

Y
snlve ((g PTAZ {.n"r:,i.'} .r_q_'m.(—L)) -3 r.h.m( z }- (xP'['ﬁ.I (1’.!.
.-'.'} .I'.ﬁl.lll( : }).-"Il

Syntax error, 50, in a particular case (...}

s el s fe) o)

Does nol work...

wnilve

At this stage we could abandon our attempt to solve this problem but we will
nevertheless try to solve the last particular case (square) in changing the technique of

the proof
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2.5.3. The formal proof for the square

We come back to a 4-gon (a square) and
put it in the system of axis represented in
fioure 46. Now we consider the two
consecutive parabolas (P;) (focus 4; and
vertex Az) and (P:) (focus Az and vertex 0).

We will easily find the equations of these / | ] %
parabolas thanks to the reminder and a A aiarke | L
translation. T '

figure 46

Below are displayed the screenshots of the Note page where we solved the problem :

Equation of (P1):

Cartesian equations of (P:) and S | O -
(Pz) thanks to the reminder ->-> | = °
Equation of (P2):
.rz =4y

Intersection between (P1) and (P2):

The list of the abscissas of the T

intersection points is stored in 51 (( ¥ ) ) p
s1:=rerms | +d+rax

o { 0.242602 7,4.50974- + }
4-r

The . secnnd. absciss:la (the | \h.—a1[2] + -4.50074.
negative one) is stored in xp as
s1]2]. It is the abscissa we want . 5.9804- ; &

)

yp:

to find. Its ordinate is evaluated 4- -
and stored in yp. o2 A2
d is the distance between € and | ¢~ ("’"?] '(FF ;) » 630446 | |

this point. dd is the diameter of
the biggest square. side is the ad
length of the side of this square, | sde-—— * 551585 |4
area is its area. Finally, ratio is V2

the ratio we wanted to evaluate | area -side” « 79,4924,
between the original biggest _ area .
square and the first one ->->->-> | T 7 o024/

dd:=2-d + 12.6089- | |

2

The solution we have obtained is a solution in the approx mode. It is possible to chose in
the seftings of the document the exact mode and the Note Page is refreshed as shown
below.

Equation of (P1):

NE r)z = —gepx

Equation of (P2):

x 2 = 4oy

Intersection between (P1) and (P2):

2 2
X
gl:=zeros| | ——=#| x| * =_ }t&

i pr
xp: 5][2] *  FErmor: Dimension error

xp2  3385216386658047844012681 - /
yp:= s
4-r  640000000000000000000000
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ls) )

\.Jr 16200521 4876375534061 63060 T59556654525 14607 T61 - | JI

B0 DD 00 D0 QDD
dd:=2-d
\ 162800521 9448763755 34061 6 34069759558654525 14607761 - |

SHO0DD0MI00 DGO 000NE
dd

N

".I 20000 D4 BRI TS (GR] 2326081 305191 100015522 - | -‘I

sicle: =

Ce DDA DI NI O DN

)
area:-—side ™
.
1 GZRINGZ 1448703 TS5 3406 ) 5369 750558654525 1 4607761 - -

20RO 0 DO 00 D000 D0 D DGENI00 DODMO0 000

area

rafin:
1

~
e

162EM052 1 48 THI 7553400 1 6 40607 30558654525 14607761 :

RO UE RO DO RO DD RO O DD OO0 DO 000D

Eventually, we are successful in changing only in the CAS of TI N'Spire the way we
organize this proof.

3. Third investigations with parabolas constructed from regular

polygons (focusing on areas of stars and some ratios)

3.1. Presentation of the problem

In this part we will focus our attention only on two cases, the case of the 3-gon
(equilateral triangle) and the case of the 4-gon (square) and especially on the curvilinear
regular polygons (equilateral triangle or square) and stars defined by the parabolas.
Now the problem to solve will be to determining the ratio between the area of the
curvilinear pelygon or the star and the area of the initial polygon.

Let us display all these cases before solving this problem.

Case of the 3-gon

The original 3-gon is
triangle A1A2A3. With the 3 ;a.-
parabolas, we create the e 'F_]|.|_-
blue curvilinear ftriangle \ /

B1B2B3 (figure 47) and the s, y
red star C1BIC2B2C3B3 A Ta

(figure 48).

figure 47 figure 48

Case of the 4-gon

In figures 49, 50 and 51, from the original 4-gon (square A1424344). we can create with
the four parabolas a curvilinear square B1B2B3B4, an intermediate star with four petals
C1BIC2B2C3B3C4B4 and the biggest star with four petals too DICID2C2D3C3D4C4.
From figure 49 to figure 51, we have only zoomed out.



DNL 105

Jean-Jacques Dahan: Investigating Stars in 2D and 3D p 23

o
ﬁ”’/\\

figure 49 figure 51
3.2. Experiments starting from a 3-gon
3.2.1. Case of the curvilinear triangle
In a Geometry page (figure 52) A el anc) =
We create a polygon to approximate the £ T--“F{:' T 799 o
area of the curvilinear triangle ABM which \ ‘I ‘x_\ '?M
is ytr(AMC) (or ). Vo -

We display the area of the initial 3-gon

ABC which is gtr[ABC) (or g).

A good approximation of the area of the

§
MNP \ 28 A
ABC ‘x\ | a 33.6 on

curvilinear triangle MNP is given by the | *172-%° “L// g3y 181
value of the expression g+3.y. ¢ N yirl MNP
The ratio between these areas is evaluated v
and displayed as v1 (2.26) figure 52
3.2.2. Case of the two 3-5tars
A 33 787 erdddc)
| Aol AR 47.5 a
X v Tgk" 125 el
£ 140
.E-ir
. - ull : g4I M6,178 . ?;"'fl“"w
i - g M l
Figure 53 Figure 54 Figure 55

In a Geometry page (figures from 53 to 55).

We display the star with three petals limited by @, R and § (figure 53) and the area of the

initial 3-star gtr{ABC) (or g)

We create in figure 54 a polygon to approximate the area of the blue polygon APQME

which is bp{ABMFQ) (or y).

In figure 55, we rotate this first blue petal twice around the center of the 3-gon (angle
?} to complete the initial blue polygon and obtain the entire blue polygon. An

approximation of the area of this star is displayed as bstar.
The ratio between these areas is evaluated and displayed as v2 (22.7849...).

Remark : it is strange that the value of Eis close to 10 (10.0737...). It means that the

area of the blue star is approximatively 10 times the area of the curvilinear triangle. Can
this ratio be equal exactly to 10 ? This is an open problem.
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3.3. Experiments starting from a 4-gon
3.3.1. Case of the curvilinear square

Here (figure 56), we start from a square ABCD gt
and the four parabolas having respectively two 2616 cnf
consecutive vertices as focus and vertex. We —— T4

display its area (sq[ABCD) or g) We can see that oL}

these parabolas define inside this square a €l
curvilinear square. We fry to evaluate a good “
approximation of the area of this curvilinear
square. But now we improve the way of
constructing the polygon approximating it.

figure 56

Below in figure 57, we show how to construct on one of the sides of the curvilinear
square a set of points which seem regularly plotted {using the tools midpoint, ray and
intersection point).

In figure 58, after displaying number 90, we construct three other sets on points on the
other sides of the curvilinear square. To obtain these other sets, we use three times the
rotation centered at the center of the initial square and having 90° as an angle.

In figure 59, we create the yellow polygon passing through the verticices M, N, P and Q of
the curvilinear square and the four sets of points previously constructed. We display it
area (ysq(MNPQ] or y). Eventually we evaluate and display the ratio g divided by y as
gony (1.4913). We will see below, after conducting an analytic reasooning for the formal
proof that this approximation is a very good one.

& A AR - ;s e 4 sl
e 244w T 7oy 7 i ow / ¢ T Bl ooF
s { £ 7] ! i vl vl
J i ™ f / 180w
1
v " I f A8CE_ |
e anvpg |
[ 5 gomy=1.491%
B ) . B
o r B e I~ . ——
£ ._lg i ] L ]
figure 57 figure 58 figure 59

3.3.2. Case of the first 4-star (corresponding to figure 50)
We use a similar technique to evaluate an approximation of the area of this star and
eventually the ratio between this area and the area of the initial grey square.

In figures 60, 61 and 62, we can see the different steps of this experiment leading to an
experimental approximation of the ratio (bong) between the area of the blue star
(bluestar or b) and the area of the initial square which is 2.4079...

L i

i ar: |
8 st b} o sl
= | 102 o U1 o
'|'I- ¥ F
\ : AaEar
s A 55,3 o
F: L 1-; £ 4

i

sl s
& s

Sy
42 et
L
il

ASER -

b= ¥ T
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3.3.3. Case of the second 4-star (corresponding to figure 51)
Same way of experimenting to get finally the ratio (pong) between the area of the purple
star (purpstar or p) and the area of the initial square which is 34.4...

r A
17,0 e

r - s A
o THY o

# r__r&
=l v

A
5 K

RTINS
14T oo

figure|63 figure 64

3.4. What we have got experimentally

Here are the ratios we got : gony =1.4913, bong~2.4079 and pong=34.4.

Thanks to these results we can deduce the following ratios :

Ratio between the area of the first 4-star and the area of the curvilinear square:
bong*gony=3.59091

Ratio between the area of the second 4-star and the area of the curvilinear square :
pong*gony=51.3186.

About gony, it would be possible to conjecture that this ratio is exactly 1.5. In reality, as g
is the exact value of the area of the initial square and y is an approximation which is less
than the exact value of the area of the curvilinear square, we can say definitely that gony

is less than 1.4913.

3.5. Formal proof for the curvilinear square (figure 49)

We chose for this proof to construct the square and the parabolas as it is shown in
figure 66. M and M’ are the two intersection points between parabola (PI) and parabola
(P2). To solve the problem, we need to find the coordinates of point M. In figure 67, we
have displayed the coordinates of these two points given by the sofware.

(2

- y \ ' 0.985
~if = ¥ W
. | R N - ‘A_///’r/ d 0.243
Figure 66 ' Figure 67

In order to evaluate the area of the curvilinear square, we will substract 4 times the red
area to the area of the initial square. This work is shown in the screenshot of the Note

page below.

-
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i J = — 2 d :__ ,:'r_.+

-Equations of (PI) and (PZ) | ¥ x*and x 2+

(a is the side of the initial 4-a 4 a

square)

-The two ordinates of their
two intersection points are
stored in list cc ->->->->->
The second term of this list,
the ordinate of M, is stored
in ycc

-The abscissa of M is
evaluated with the equation
of (PZ) and stored in xcc

-itgl is the area befween
the x-axis, (PI1), 0and M -=

-itg2 is the area between
the x-axis, (PZ). M and the
vertex of (PZ) -»->-3->->->

-curvi is the red area ->->->
rl is the ratio between the
curvilinear square and the
initial one. r2 is its inverse
and the ratio we have

evaluated experimentally
with 1.49..

2
2+{.f) J
4= 4. g

» § 4.50074: 2,0.242602+ 2 }
ycc;—:c[z] * 1.242692- g

1 1
cc.=zeros{ y———+ | —»

-1
XCC:=—"¥yCC 2 +g * 0.985275- f‘-&

4. g
]
XCC
itgl:= : .1'2 dx * 0.079706- f.f2
d- g
Jd D
i
a
itg2: Va-a (a2 dx »0.002382- ¢ |
o XCC

curvi:=a®—4- (itgl+itg2) » -0.00953- & (| 2|-71.4801- )

rl:=curvi|e=1 * 0.671646

1
r2: =

rl

» 1.48888

3.6. Formal proof for the curvilinear triangle (figure 47)
In reality, this problem was the starting point of this research work. As we did in 3.5. we
will use the CAS of TI N'Spire in a Note page to solve it formally.

As the ratio we want to evaluate doest f
depend of the size of the initial 3-gon
(equilateral triangle). we chose a friangle
in which each side measures 1 unit. We
construct this triangle as done in figure 68.
We have principally to evaluate the area of
the curvilinear triangle OAL To get the
area of the curvilinear triangle we are
interested with, we multiply this area by 3
before adding the area of the 3-gon.

figure 68

Now we display the screenshots of the Note page where we solve the problem.
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Equation of (P1): 12 =—4- [x-1} & y=]-4 (1] ory==/-4-[r1

y -
l'l.
_",II
s e
o K,
)t |
o b =fit |
.-'f f lI|lI
Yy
_
/
g= matrix of r
Iz | 2-'.".] .
S k| =
! | 3 a 3
& | -2 x| B I!.
S| — LLI.'4_ B S
| 3 1 1 1 .

Equation of (P2):
Mix.y )=(P2 = N=p{M)=(P1). As Vecl{GNy=nVect(GM}), N= G+r{Wect{GM)}

|
Y — L1
- E. |« 2
B B
t— pri——
& B

[
||,_|_'-

3 A
1 [ 1
- 3 3
conrdG: = b =
Bl |-
b i
Wy 5 3
i 1 +1
coordn:=gn-+coordg - | 2 2
K e
rl 2
{ ” 5
I N 4'1 w3 e
leoordi: |||.=:1I‘Ii:~l{¢l_'l1:lr'|ll|]"'1" ] ——— }
| 2 2
e e ]
xn=leoordn| 1] = :
=

i) o ll 3 VN

yn"1mur~dn[2] L & =

(xm,ym)=(P2) = (xn,yn) =(P1) + yn2+4(xn—1]=0

."-H:I]L'E[ynz-r-l- [:zn-]]—ﬂ,w.u'
= V= {-1" |2- &ret3 e -4)- E:' or yr=4- |2- xort3 (vord)- H
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Conclusion : (P2) can be interpreted as the union of the curves of the two functions f and

gdefinedbyy=flx) = —(x + 4).43 +2x + Jand y=g(x) = —(x + 4).4/3 42x + 3

We can check it in the two figures 69 and 70
In figure 69 who have zoomed out to see better the shape of (P2)

In figure 70 we have displayed the curve of the two functions fand g (the first one in
blue dotted and second one in green dotted. These two functions are defined forx = —%.

figure 69 . R figure 70

Definitely, f is the function that will be use later to ewvaluate the first part of the

curvilinear triangle 0AL

[l:_m'.f} * 4 1'“3‘ a3 — w4 4'3.

solvelf{x)={-4- (==1) 1] » +=0.980005
aa: zems{f{.ﬂ [4- (1] o {ﬂ.ﬁﬂﬂﬂlﬂ%}

a:=aa[1] » 0.980005
a * 0,980005

_.__

a 1

)] a

itgl:=| f{x) Zr » 0.179021 itg2:= | [4-(x1) ar » 0.00377

5o the end of the reasoning can be conducted like this :
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Area of the triangle 0Al : add ->-> add:=itgl+Hig2 * 0.1582791
N E)
Area of the initial 3-gon : tr ->->->->->->-> tr: T $ T
Area of curvilinear triangle : curvtr ->->-> curvir:==tr+3-add * 0.981385
g curvtr
Expected ratio : ratio ->->->-3>-5->->->->-> ratio:=——— ~ 2.26641
ir
With more digits ->->->->-5-5-5-5.5-5-5-> ratio * 2.266411142
2.266411142388979451

This result proves that our experiment was conducted correctly and that the software is
very reliable. In fact, the ratio obtained experimentally in 3.2.1. was 2.26...

Remark : this Note page can give the exact result of our problem if we move the settings
from the approx or auto to the exact mode as shown below :

o]
itgl:=| Ml olr
1]
4133340053 7559 .ll'._-'-IUlI':FEE':J::-:. 2677 42001 114297 3653822068903 75324 J'T

N2 500 GOD PO HI DR SOOI RODD RO LR DR 0
QOOTTO4 ET323. |1 009540974646
375000000000 0M0D000

1
itg2=| J4-{x-1) -
]

. —_—— — — . - - |
4133340983755 J124000229512677 909770487323~ (1909540974644

add:-itgl-Hig2 - -
31 25N VSO D TR LR RO

2000 1 14297 36582 2068903706329 JT

SO0 O RO OO GO D00 OO0

q'? .jl?
I = — F —
4 I

curvie=te+3- add |
| 240002295 12677 4| | 240002295 '.EI!ITIF . DT TO4ET I 1199954 0974046
31 25 A D DO R 1 2500 D OO DR
12475334 2802007466206711 1 1 BORT- ..I'T
SOOOOOG0ONEOOOOO0OEOOO0N000 i
[ 43 355 gt 5 e, P ——

curvir 1 24000295 120607 (41535408065 7550 QUGQTIDAE ] 325 [S9UERL 2025458
rate: = = T
tr TEL 250000 D000 Q37000000

1 2475354 28000 F4BL 2067111 1 84S

1 2S00 OO DO TR

Other remark : the reasoning conducted by hand could have been this one (simulated in
a Note page)
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"By hand” method assisted by the CAS

4 % el | e "T [ e
yn=+4: [an—1) 2
4 \ 2 4

ﬁpand{yn‘!--l-ﬂxn Il'.:pn.l 5 ~I

[

{“‘:Fa'rld{-l' [ynz 4 [xn I]].ynll O TN, T 1I1' B ot 1 8 v /3
ez 42 13 Lot )yt 30 P T

v L
deltal i) |I.I"i |emrid )| = =30 e+ o v e

) ;o )
deltal ) » 32 ontdd  solveldeliaom) =0 0] + o -

Two functions:
Sl 1.lu'i. Lmmred |+ Jdelta{zm) = Dane

and glom)=—|3 [merd) 4ILEI.'|I;':'l.III| r done

fam) = 4- 2w+ 3 [gmeal- 3

4. An attempt to extand these results in 3D

4.1. Cube, tetrahedron, and spheres

4.1.1. Cube and spheres

In figure 71, we construct a cube and display its area and its volume. We construct the
first sphere centered at one vertex of the sphere and having as a radius the length of the
side of this cube.

In figure 72, we can see the 8 spheres constructed like the previous one. Then we have
constructed the cube which vertices are the points of these spheres belonging to the
diagonals of the initial cube. The area and the volume of this cube are displayed.

Finally we have calculated and displayed the ratios between these areas and between
these volume to get respectively 4.64... and 10.

228 e EPex’ FERICA’

48,4 e sfpbart  Z2AR cm

it ;j

figure 71

4.1.2. Tetrahedron and spheres

In figure 73. we construct a tetrahedron and display its area and its volume. We
construct the first sphere centered at one vertex of the tetrahedron and having as a
radius the length of the side of this tetrahedron.

In figure 74, we can see the 4 spheres constructed like the previous one. Then we have
constructed the tetrahedron which vertices are the points of these spheres belonging to
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the altitudes of the initial tetrahedron. The area and the volume of this tetrahedron are
displayed.

Finally we have calculated and displayed the ratios between these areas and between
these volumes to get respectively 6.93265...and 18.25363.

4.8 an'
133 et

4.1.3. Remark : the previous results are experimental results obtained with the help of
technology. At this stage of this work, we did not try to find a formal solution.

4.2. Cube, tetrahedron, and parabolas

The idea is to do the same thing in replacing the spheres by paraboloids having the two
vertices of every side of the initial cube or tetrahedron as focus and vertex. But, we
cannot conduct such experiments with Cabri 3D or the 3D graphing tool of TI N'Spire.
We will try to do that in another work with the help of Maple : by now. | am not sure that
it is possible to conduct all the stages of this experiment with this software. 50 we used a
trick helping us to conduct such an experiment in using for each paraboloid one of the
parabola generating it. We have managed to construct these parabolas in Cabri 3D.

4.2.1. Cube and parabolas

We start with a cube. We construct, as we did in figure 24. on one of its faces, the four
parabolas defining the biggest star and the the biggest square which vertices are the
most distant points of intersection of these parabolas. Figure 76 shows the construction
seen from below and figure 75 from the top.




p 32 Jean-Jacques Dahan: Investigating Stars in 2D and 3D DNL 105

Then we repeat these constructions on each face (figure 77) The 24 vertices of the 6
squares define a convex polyhedron shown in figure 78. In the same figure, we have
evaluated and displayed the ratio of the areas between this convex polyhedron and the
initial square and the ratio of their volume. We have obtained :

Ratio between areas: 66.98...

Ratio between volumes : 683.88

figure 77

4.2.2. Tetrahedron and parabolas

The cube is replaced by a regular tetrahedron. On the plane containing a face, only three
parabolas like the parabolas constructed in figure 26 (12 parabolas in figure 79). The &
squares are replaced by 4 equilateral triangles (figure 80).

figure 79

Then we construct the convex polyhedron
containing this 4 equilateral triangle (or
their 12 wvertices). The same ratios are
evaluated and we have obtained (figure
81):

Ratio with areas : 65.87...

Ratios with volumes : 870.40...
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4.2.3. Some remarks about the next direction of research

In the previous case, it would be interesting to conduct such experiments for the other
platonic solids and to try to find out the shapes of the convex polyhedra we would
obtained.

It would be also very interesting to put all the data got during these experiments in a
table and treat them statistically to try to find out a relation between them or some
invariant.

Another challenge would be to represent in 3D all the paraboloids we have not seen to
verify or not if the vertices of our stars and our final convex polyhedra are the vertices of
the 3D star defined by these paraboloids. Probably Maple would be the appropriate
sofware to manage the construction of all the paraboloids we need and to visualize the
3D stars.

5 Conclusion

This paper shows that starting from very simple constructions within a DGS
environment, it is possible to create a very interesting problem which aim is to discover
experimentally a relation between some areas of the objects constructed. It shows that
changing in a given problem circles by parabolas can enrich the field of our research. It
shows that the generalization from 2D to 3D can sometimes be conducted successfuly
when using an appropriate software like Cabri 3D. Some proofs had been performed
thanks to the CAS of TI N'Spire and especially with the special power of of the Notes
pages where all what we have performed can be refreshed instantaneously if we change
any of its entries. Another interest of this paper is that each experiment conducted with
DGS or CAS can be adapted for students in order for them to investigate successfully
problems they could not investigate with paper and pencil. Such experiments and the
way of conducting them can open to them a window on what is really a math research
work and what are the tools (mathematical and technological ones) used during it.
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1. Tangent line to a curve v = f (x)at x=a

Example 1: Find the equation of the tangent line of the function

t(x):=x3—3-x—1 atx =2.

P Solution of Ex 1:

a) The tangent line to the curve y =j{x) at
X = a is given by_y(x) =j(a) +j’(a)- (x—a) .
tant(:c):=1+9- (x—Z) * Done

b) Use the built—in function.
tangentLi11e(t(x),x=2) » 0-x—17

f2(_r)=ta nf(_r)

araph 1 @1 3.87
¢) Use the built—in geometry package. y=9r-17
2. Tangent line to a curve f (x, ) = 0 at the point (a, b)
Example 2: Plot the circle x2 +_y2 — 25 =0 and the tangent line at the point (3, 4).
» Solution of Ex 2: ts. 10.39 [y
~ — -
a) Implement a function using the built—in N y=—0.75x+6.25
function impdifi
pdif0 B(_r)=tancircle(_r)
(3.4)
. F( 2. 9 mm -3
impDi x“-i-y‘—23=0,xly)|x=3 and y=4 » —
4 1
-3 h 3N By
tancircle(x):=4+1- (x—3) * Done 9.9 1 101
b) Plot the circle as a relation and the tangent S
line. x=+y=—25=0
-10.43
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2. Tangent line to a curve f (1, 1) = 0 at the point (a., b)

Example 2: Plot the circle x2 +_y2 — 25 =0 and the tangent line at the point (3, 4).

» Solution of Ex 2:

c¢) Solve the relation for the variable y and
plot each solution.

soly:=ze1‘os(x2+y2—251y)

= 2 Denm = .2 Donm
v {{‘JZD—_\'—‘ LX2=25 ,{jjb—_\"‘ ,X2=25 }

d) Solve the relation for the variable x and
plot each solution.‘

solx:=ze1‘os(x2-ﬁy2—25,x)
CLOSAL

- 2 - - 2 jp -
> { ‘JZD—_V" WVeE25 ,h':)—_w W25 }

10.59

r=solx [ 1 ]

—_

[R¥]

]

r=solx [

-10.34

-9.87

9.66

» Solution of Ex 2:

e) Use the polar plot mode.

.’C2+y2_25=0|x=?" cos(ﬁ') and y=r- sin(S)
> r2-25=0

zeros\r2-25,1) » {-5,5
(2-25.) » {55}

10.59

2. Tangent line to a curve f (1, 1) = 0 at the point (a., b)

Example 2: Plot the circle x2 +_y2 — 25 =0 and the tangent line at the point (3, 4).

i\

~10.34

-9.87

9.66
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2. Tangent line to a curve f (x, ) = 0 at the point (a, b)
Example 2: Plot the circle x2 +_y2 — 25 =0 and the tangent line at the point (3, 4).

» Solution of Ex 2:

f) Intersect the 3D graph of t(xzy)=x2 +_y2 with the plane z=25.
|

2,09
r=t+y==c

*

R
J

-10

3. Implicit 2D plotting: workarounds
W1) Solve for y and plot the solutions
or ‘
Use zeros(/{x,y), y)in a 2D graphics mode window.
W2) W1) and select the rectangular mode in the Document Settings.
W3) Solve for x and plot the solutions as relations.

W4) Use the polar plot mode.

W5) Intersect the 3D graph of jfx,y)=0 with the plane z=0.
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W1) 2D Graphics mode window

Example 3: Plot the relation alctan(x y) 2x—y=0 and compute the tangent line at x=—1.

» Solution for Ex 3:

zeros(tan (‘C y) i yzy) }&

Tangent line at x=1

1111pD1f(ta11 X y) = x—y=0 wczy)
-12- \ y—'—y-i-")
-

2 y-‘—_\'+ 1
y val —zelos(tan (wc y) XY )|"(—-1
> {1.14647 } A

slope: —1111pD1t(ta11 X y) - x—y=0 rzy)|
x=-1 and y=y_val
» {-1.05066 }
tangent(x):=slope- (x+1)}+y_val * Done

3.58 | vy

f5(_r)=zeros (tan" (_r-y )—3- -yy

4

-3.51

7 (_r )=ta ngent (1

W2) Rectangular mode

Example 4: Plot the curve x

3.92-3.52.93420=0.

Ry

» Solution for Ex 4: 9.34 I v
W1) Part of the curve is missing.
solex4( ) zelos( y -3-x2 3+’70 y)
* Done f8_3
solex4(x)[2] . 1
i x2+2430 =T
r -\-5 / =
2‘|\| sin 3 —- 3 +_\-&
g 1
5 fS_
“9.34

10
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W2) Rectangular mode

Example 4: Plot the curve x

» Solution for Ex 4:

3.23.42.

W1) Part of the curve is missing

solex4( ) zelos( 3. y ~3-x2 3+'f"0 y)
» Done
solex4(x)[2] . . .
o _\-5+2430)
2 |\| sin i SELY YN
. 3 3
9

y3420=0.
9.34 i v
8_3
! by
-10 1 10
f8_2
1
-9.34

Nspire CX CAS

Example 6: Plot the relation x2+x

W4) Polar plot mode

4

W2) Part of the curve is missing.

=yo+yd

4

]

-6.68

6.68 | ¥

W3) zelos( 5+t4—y5

4

-y “() > ' ]

A

Maple:

[
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W4) Polar plot mode

Example 6: Plot the relation x5+x4=y5+y4 .

» Solutions for Ex 5: 2.66 ‘[ y

).l leosto)*1)
(cs(6)>~(sn )

Polar coordinates r2 (9

ex6:=x5+x4=y5+y4|x=r- cos(B)
and y=r- sin(B)

4 (cos(ﬂ))5- r5+(cos(9))4- i
~(sinf6)5- 5+ {sn(a) -4

-(2- (cos(ﬂ))z—l) of =0
(cos(6))>(sin(e))

solve(exﬁ,r) > =

Bl

W5) 3D plot function mode
Example 7: Plot the curve e¥'Y—x—2 y=0 . Find all points (x, y) where x=1.

» Solution of Ex 7:

W2) Part of the curve is missing. f11(1) » {0.,1.25643 }/A\
W3) Fails. zeros(ex'y—x—Z'y,x) > { B }&

WH4) Polar plot fails.

[

7.25 |y

1 1(_1')=ze1‘os (e-r YVox-2t _v,y)
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|
4. Concluding remarks

‘P Built—in impdif() function for computing tangent lines.

» Encountered issues in implicit plotting:
* Cannot plot the tangent line with the geometry menu.
» Part of the curve missing.
* Wrong representation of the curve.
* Limitations with the handheld device CPU.

P Workarounds:
* Five workarounds.

» Suggestion: in any case, start with a 3D representation.

4. Concluding remarks

» We advice TI developpers to implement a dedicated 2D implicit plotter on TI-Nspire CX
CAS (fast CPU). This is a must in calculus as well as in differential equations.

» TI-Nspire CX CAS 2D plotting algorithm is not the same as the TI Voyage 200. V200 was
able to plot any implicit curve 1(3(, _y) =0 using zeros( xzy), _y) in a 2D plot function mode
window. Major drawback: slow CPU.

» Since the implicit plotter of V200 was robust, why not importing it to TI-Nspire CX CAS?
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Mail from Stefanie Hunziker, a Swiss Teacher:

Bug or Not a Bug?
Just another thing, what nobody would expect, another bug?

Depending on the order of the unknowns Nspire delivers a result or not. This appears on all Nspires of
my 31 students (all of them have version 4.4 installed on their handhelds).

f]{\f}"f"’[\f
- f1(xc)

xc,myc||0<xc<n

ul

[[F1(xc)=F2(xc)
T fl(_\r]

-

‘.'(=f2(.\'&']
I f]{_\f}#‘l(.\f)
) e flxe) i i
solve|{ ——=1.2 ,yc,m,xc||0<xc<m * ye=

~

ye=F2(xc)

solve =1.2 ,mxc yc||0<xe<m *» m=0.336215 and xc=2

My (Josef's) comment:
First of all, welcome in the DUG

This look strange on the first glance. The system is in fact a system of two unknowns, x and
m or X and y and we can treat it as a such one, too.

. x=0.8694028256 and )=0.7629427268 orx=2.272189828 and »=0.7629427 268
solve|s:

.,1n|{ ) }and — inl{:x)=1.2,{x,y} |0=x=m
' 2 |

m x=0.8694028256 and 3=0.7639437268 orx=2 272189828 and =0.7639437268
solve sin(x]=y and —- sin(x]=1.2, {y,x} [0=x=m
2

solve

sin{x}=m- x and z sin{x}=1.2, {m,x} |0=x=m
2 i

x=0.8694028256 and m=0.8786993825 or x=2.272189828 and m=0.2262147464

solve(sin(x]=m- x and L, sin[x}= 1.2, {x,m }]|OSxS:1:
2

0.1215854204 0.1215854204
x=0 8694028256 and m orx=2.272189828 and m=———
h28+0. 1383697572 n28+0. 3616302428
0.1215854204 0.1215854204 {0.8?86993839,0.336214?465}
0.1383697572 0.3616302428

Working with two variables we have unique solutions in three cases and a strange one in the
fourth case: Only n28=0 gives the correct solution.
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Let’'s see how good old Voyage 200 is performing:

|‘F1 T Fer TFBTT Fi= T FE T FE™

vE Al gebra|Cale|0ther |PramI0|Clean Upl

LR E| %-5in(><)= 1.2 and u=m-x, {x 4 m}]
w=2.27219 and g =.763944 and m=.33E)p

s =12 and y=m-x, {x o m}]|EIExE:It
4 2.27219 and 9=.763944 and m=.336215

mdxi=1.2 and y=m-x, {x g m}]|Elixi:lt

=1.2 and y;m*x:{-;c;g‘ ,m}l} I>>2m
Hald EaD ALUTO FUHWEC EAZ0

|‘F1 T Fer TFBTT ruv‘|’ FE T FE™
vE Al gebra|Cale|0ther |PramI0|Clean Upl

Wyin(x)=1.2 and u=m x, {x 4 m}J|x}EI
¥ =.869403 and g =.763944 and m= .57
"A=1.2 and y=m-x, {x U m}]|x ra-m
®=7.13259 and g =.763944 and m=, 106
lsnlue[sin(xj=m-x and %-sin(xj= 1.2 ank
#=32.2853 and g =.7E3944 and m= ., 02T

L1.2 and y=m¥x {x w mrdlx>10n]

HMAlN EaD AUTO FUHC &30

| undertook some further investigation supported by NspireCAS and found out that the way
how the solution is presented does also depend on the restriction for x.

s

solve

sin(x)=m xand z sin(x)=l.2 and y=m x,{xy,m'}]

0.121585
n4+0.13837

solve

sin(_x)=m xand z sin(_x)=
\ 2

x=0.869403 and

x=6.28319 n4d+0.8694032 and 3=0.763944 and m=—— orx=6.28319 nd+2.27219 and »=0.762944 and m=

0.105707 0.121585
and m orx=2.27219 and

0.121585
6.28219 nd+0 869403,0.763944, ————— »|nd=0
n4d+0.12827

,_n_\

0.121585
28319 -nd+2.27219,0 762944 ——— }|nd=0
n4+0.36162

0 276265 0.121585
2.27219, —_— n3=0
N5+0.36163 n5+0 36163

solve

.;m(x)—m xand — sm(x) 1.2and y=m-x, {mx}}'
\ 2

0.121585
n§+0.13837

solve

sin(x}=m' xand Z sin(x}=l.2 and y=m-x, {y,m,x} |0=x=m

n5+0.12827 n5+0.12827

x=6.28219 n§+0.8694032 and 3=0.762944 and m=———orx=6.28319 n§+2.27219 and 3=0.762944 and m=

x=0.869403 and y=0.763944 and m=0.878699 or x=2.27219 and y=0.763944 and m=0.336215

0.121585
n4d+0.36163

0.276265 0.121585
and m
n5+0.36163 n5+0.36163

{0.869403,0.763944,0.578695 }

{2.27219,0.763944,0 336214}

{2.27219,0 763944,0 336214

0.121585
n§+0.26163

solve

sin(x}=m- xand z sin[x}=1 2 andy=m-x,{x,y,m}'
2 /

x=6.282185207 nI§+0 8694028256 and y=0.7639427268 and m=

solve

sin{x}=y and = sin(x}=1 2,{)(,}'} |0=x=
\ 2 !

0.7629427268 0.7629437268
0.8694028256 2 272180828

solve

sin(x}=m- xand Z- sin(x)=1 2 andy=m-x,{x,}',m}]
\ 2 !

x=6.283185207 n20+0 8694028256 and y=0.7629427268 and m=

6.282185307 n20+0 8694028256,0. 7629427268,
n20+0 1383697572

sin('?. 152588133)—0. 106806615 7.152588133

s
— sin(7.152588133)-1 2

(=]

0.7629437268-0.106806615- 7.152588133

x=0.869403 and y=0.763944 and m=0.878699 or x=2.27219 and y=0.763944 and m=0.336215

0.1215854204
ni15+0. 1383697572

x=0.8694028256 and y=0.7639437268 or x=2.272189828 and y=0.7639437268

0.1215854204
n20+0.1382697572

0.1215854204 }|n90—1 {7 152588132,0 7639437268,0.106806615}

or x=6.283185307 nI8+2 272189828 and »»

{0.8786993834,0.2362147464 }

or x=6.283185307 n20+2. 272189828 and »

2.282e-11

0.0000000002

-0.0000000002
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We see that the general solution (containing the parameter n...) is correct. Parameter value 0
leads to the expected solutions. Other parameters give other solutions of the system with x
beyond the given boundaries.

Now | will turn to DERIVE, which does not provide a tool to solve the given system in one
step. So, let’'s work stepwise:

m
#1: SELECI'[D <X W, X, SOLUTIONS[—-SIN(X) =1.2, x, 0, rr]]
2

o) 5

#3: [0.8694028255, 2.272189828]

#2:

=]

12 12
#4: VECTOR[SOLUTIONS(SIN(X) =mx Ay =mx, [y, m]), x, [ASIN[ J, mo— ASIN[ J]]

5. 5.
12 12
5.1 , 12
5.m+ASIN
S5.m
#5:
12 12
5. , 12
S5.m«|m — ASIN
Sem
[ [0.7639437268, 0.8786993834] ]
#6:
| [0.7639437268, 0.3362147464]

m
#7: NSOLUTIONS[———-SIN(X) =1.2, x, 2.m, 4-n] = [7.152588135]
2
#8: VECTOR{SOLUTIONS(SIN(x) = m:x A y = m+x, [y, m]), x, [7.152588135])
#9: [[[0.7639437282, 0.1068066151]1]1]
Expression #7 leads to the first solution with x > 11. Finally, we can find the solutions graph-
ically:

1
SIN(x) —mx =0

m
—SIN(x) - 1.2 = 0
2

[ 0.8694028255 0.8786993834 ]

2.272189828 0.3362147464

X

ti?allaﬂﬁ,—g -8 7 EE\—S 4,3 2 -1 L 2 i\\thi//é 1 819 xTBuLL%ﬁ?

R T ) 2R

The question still remains why TI-NspireCAS is providing two formats for the output of the
solution?

Wolfgang Propper: This seems to be a syntax problem: You have to (you ) should use a list of the
unknowns between braces { }. Then we will encounter no problems:

fl(_rc)=f2(_rc)

solve %(_rc):l.z ,{_rc,m,yc} |0<xc<m

a

w:=f2(_rc)
» m=0.336215 and 1¢=2.27219 and vc=0.763944 or m=0.878699 and vc=0.869403 and yc=0.763944



