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MNU 1995 NURNBERG

Zu Ostern 1995 (10. - 13. April) findet die 86. Hauptversammlung der MNU statt. Unser
Mitglied StD Wolfgang Propper bittet um Referatsanmeldungen zum Thema DERIVE (kann
natiirlich such etwns anderes scin). Unterlagen kinnen bei ihm geme angefordert werden.
Anschrift: StD W.Pripper, Josef-Simon-Str.59, D-90473 Niimberg. Das wiire doch schin,
wenn eine ordentliche DERIVE-Riege auftreten kinnte!? Ditte bald melden!!

2 -

 Sio finden eine Thstaturschablone fir die Funktionstosten, Sie wurde von |
| H.Scheuwarmann gestaltet und der DERIVE-Gemeinde zur Varfligung gestollt,
| Herzlichen Dank/!

You find enclosed a keyboard model for the function keys. It mpvrw&v:
H.8cheuarmann and made available for the DUG - members. Many thanks!!

Teaching Mathematics with DERIVE & DERIVE in Education

Ich habe noch einige -wenige -Exemplare von Teaching Mathematics with DERIVE, Tagungsband
von Krems 1992 vorritig. Sie konnen das Buch bei mir um 6S 330.-, bzw. DM 50.- bestellen.

Wir haben es auch wieder iibernommen, fiir unsere deutschsprachigen Freunde den Tagungsband von
Krems 93 "DERIVE in Education" (siche Book Shelf) zu importieren. Das Buch ist ausgezeichnet
gelungen und bietet einen hervorragenden Querschnitt iiber die Einsatzmdglichkeiten von DERIVE.
Leider ist dieses Buch etwas teurer. Wir konnen es IThnen um 6S 450.-, bzw. DM 65.- anbieten. Die
Preise verstehen sich inklusive Porto und Verpackung. Mit der Auslieferung des zweiten Buches,
miissen Sie sich aber bis August gedulden. Jetzt kommt die Plymouth Konferenz, dann ein wenig
Urlaub und dann sind wir wieder im Einsatz. Anruf, FAX oder ein kurzes Schreiben geniigen.
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Liebes DUG - Mitglied,

gerade noch rechtzeitig vor den grofen Ferien wird
der DNL# 14 fertig. Herzlichen Dank fiir die vielen
Zuschriften und Beitrdge. Ich bin sehr erfreut, dass
die DUG in vermehrtem Malle kleinere Dienst-
leistungen fiir die Mitglieder verrichten konnte.
Viele von Thnen werden sich im néchsten Monat
anldsslich der DERIVE-Konferenz in Plymouth
zurn ersten Mal oder wieder treffen. Ich freue mich
schon darauf, eine grole Anzahl unserer Mitglieder
kennen zu lernen, bzw. wieder zu sehen. Das
Programm verspricht auch einen spannenden
Tagungsverlauf.

Mit Dr. S. Biryukov aus Moskau hat die DUG nun
auch ein Mitglied in Russland. Dr. Biryukov hat
einen sensationellen Beitrag geschickt: einen
Zeichensatz fiur DERIVE, mit dem sich von
DERIVE aus Grafiken bezeichnen lassen. Dazu gibt
es eine Utility zum Generieren eigener
Zeichensitze. Zwei Screenshots konnen Sie auf
dieser Seite bewundern. Weiteres folgt im DNL#15.

Die Auswahl der Artikel fir den DNL erfolgt
primér nach technischen Gesichtspunkten (Umfang,
Fort-setzung, ) und eventuell nach
zusammengehorigen Themengruppen. Ich bitte die
Autoren um Geduld. nichts geht verloren. Ich denke
auch daran, 1m nédchsten Jahr den DNL
umfangreicher zu gestalten. Die Materialfiille lasst
dies zu.

Im néichsten DNL mochte ich einige DERIVE-
unterstiitzte Schularbeiten Osterreichischer Kollegen
vorstellen: Aufgaben zu dynamischen Systemen und
Schularbeiten im Teamwork!!!

Mit den besten Wiinschen fiir einen schonen

Sommer

Thr

Dear DUG Member,

just in time before summer vacations will start
DNL#14 has been finished. Many thanks for lots of
letters and contributions. It is fine that we can
support our members with little services more and
more. Many of you will meet next month again or
the first time at the DERIVE-Conference in
Plymouth, UK. I am looking forward to meeting a
lot of our members and seeing many of you again.
The conference programme promises some thrilling
days, too.

With Dr. S.Biryukov from Moscow the DUG has
now its first Russian member. He has delivered a
really sensational contribution: A font set for labe-
ling and describing DERIVE plots — in the
DERIVE-environment — together with a tool to
create own DERIVE fonts. You can find two
DERIVE-screens on this page ... and wait for
DNL#15, please!

Selection of contributions for the DNL is primarily
a technical question (size, sequel,) and sometimes I
am looking for a possible connection between the
articles. I beg the authors for patience, no
contribution is lost. I have the plan to give the DNL
more content next year. The plenty of material will
allow it.

With my best wishes for a fine summer

Sincerely yours

( ey
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The DERIVE-NEWSLETTER is the
Bulletin of the DERIVE User Group. It is
published at least four times a year with a
contents of 30 pages minimum. The goals
of the D-N-L are to enable the exchange of
experiences made with DERIVE as well as
to create a group to discuss the possi-
bilities of new methodical and didactical
manners in teaching mathematics.

Editor: Mag. Josef B6hm
A-3042 Wiirmla

D’Lust 1

Austria

Phone/Fax: +43-(0)2275/8207

Preview: (Contributions for the next issues):

Contributions:

Please send all contributions to the Editor.
Non-English speakers are encouraged to
write their contributions in English to
reinforce the international touch of the
D-N-L. It must be said, though, that non-
English articles will be warmly welcomed
nonetheless. Your contributions will be
edited but not assessed. By submitting
articles the author gives his consent for
reprinting it in D-N-L. The more contri-
butions you will send, the more lively and
richer in contents the DERIVE Newsletter
will be.

Stability od systems of ODEs, Kozubik, SLK

Algebraic Operations on Polynomials in DERIVE, Roanes, ESP

Prime Iterating Number Generators, Wild, UK

Graphic Integration, Probability Theory, Linear Programming, Béhm, AUT
DERIVE in Austrian Schools, some examples, Lechner & Eisler, AUT
Tilgung fremderregter Schwingungen, Klingen, GER,

Der Fermat-Punkt im Dreieck, Geyer, GER

Continued Fractions in DERIVE, Cordoba a.o., ESP

Turtle-Commands in DERIVE, Lechner, AUT

Dreieck.MTH, Wadsack, AUT

Newton Method and llI-Conditioned Problems, Lopes, POR

2D Plots Labeling, Biryukov, RUS

Plotting t-periodic functions, Verhoosel, NED

IMP Logo and Misguided Missiles, Sawada, HAWAII
Discussion of Curves, Kuenzer & Reichel & Bohm, IT & AUT
Reichel-Splines versus Bohm-Splines, a Competition, AUT

3D-Geometry, Reichel, AUT

Parallel- and Central Projection, Bohm, AUT

Conic Sections, Fuchs, AUT

and others

Impressum:

Medieninhaber: DERIVE User Group, A-3042 Wiirmla, D'Lust 1, AUSTRIA

Richtung: Fachzeitschrift
Herausgeber: Mag.Josef Bohm
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K. Herdt, Osnabriick, Germany

Approximation/Interpolation

Bei der Interpolationsaufgabe wird zu vorgegebenen Punkten (x;,y;), i = 0,1,..., k das Interpolations-
polynom y=ap+ a;x + ...+ ax® bestimmt mit P(x)) = yi. Bekanntlich fiihren die Verfahren Newton-Inter-
polation, Lagrange-Interpolation und der direkte Ansatz Uber das lineare Gleichungssystem zum
selben Ergebnis. Zu Zeiten der Tischrechner (und der Handrechnung) wurde das Newton-Verfahren
der dividierten Differenzen vorgezogen, da unter anderem leichter die Anzahl der zu bertcksich-
tigenden Punkte geandert werden konnte. Mit Einfiihrung der programmierbaren Rechner wurde die
Lagrange-Interpolation bedeutsamer, da ihr Algorithmus in héheren Programmiersprachen
wesentlich leichter umgesetzt werden kann als der der Newton-Interpolation. Mit den Computer-
Algebra-Syste-men wird nun der (direkte) Lésungsweg Uber das lineare Gleichungssystem
zunehmend interessant, da die auftretende Vandermonde-Koeffizientenmatrix mit den Mitteln der
CAS leicht aufgestellt werden kann und die Lésung linearer Gleichungssysteme ohnehin integriert ist.
Hinzu kommt, dass hierbei die Interpolation deutlicher als Grenzfall der Approximationsaufgabe
2(p(x) — yi)2 = Min. in Erscheinung tritt. Mit den Fehlergleichungen

Va-y=0

(V = Vandermonde-Matrix der x-Potenzen, a = Vektor der gesuchten Polynomkoeffizienten und
y = Vektor der y;) Iasst sich die Approximationsaufgabe auch kurz mit 5"-5 =Min. beschreiben und a
ergibt sich bekanntlich als Lésung des linearen Gleichungssystems

Viva=V'y (*).
Im Falle einer quadratischen Matrix V wird nattrlich & = 0 und die Fehlergleichungen bilden gerade
das lin. Gleichungssystem der Interpolationsaufgabe, brauchten also gar nicht Gber (*) gelost zu
werden. Lediglich aus Praktikabilitdtsgrinden wird jedoch auch in diesem Falle (*) verwendet, denn
dann braucht beim Rechengang nicht zwischen Interpolation und Approximation unterschieden zu

werden. Die schlechtere Kondition von (*) gegeniiber V-a = y braucht in diesem Falle nicht zu stéren,
da sich ja die Rechengenauigkeit jederzeit erhéhen lasst. Eine ,Mustersitzung“ habe ich beigeflgt.

From approximation to interpolation using the

Vandermonde matrix. Using this method you can 20
see that the interpolation problem is the extreme
case of the approximation problem 15

Z(p(x) = yi)* = Min. iy
With V a -y = 0 we obtain 8" & =Min. and a is the
solution of the system of linear equations

Viva=VTy. —

(V = Vandermonde matrix of the powers of x;, a =
vector of the polynomial coefficients, y = vector of //1/ L %\ 9

the yi)

#1: Datermatrax der {x1,¥1) — The Matrix of the data

SPEPEE
2 2
3 4
#2: d =
4 9
5 1%
L & 0 |

#3: Vandermonde_Matrix and RHS (k = order of the polynomial):
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#4:

#5:

#6:

#7:

#8:

#9:

#10:

#11:

#12:

#13:

#14:

#15:

#16:

#17:

#18:

#19:

#20:

#21:

#22:

#23:

#24:

#25:

#26:

#27:

#28:

#29:

#30:

]
V_v(d, k) = VECTOR(VECTOR({IF(J = k, ELEMENT(d, 1, 1) , ELEMENTCd, 1, 2232, 3, 0, k + 13, 1, 1, DIMENSION(d)D

Vandermonde - Matrix transposed:

J
Vid, kI = VECTOR(VECTOR{ELEMENT{d, +, 12 , 3, 0, kI, 1, 1, DIMENSION{d}}’

Betzpiel - Example

v_Yid, 23

1 1 1 17
12 4 2
13 9 4
1 4 16 §
1 5 25 15

L1 & 64 0 |

vid, 22

1 4 9 16 25 64

Lgsung der Mormalgleichungen - Solution of the Mormal equations:

sol{d, k) := ROW_REDUCEW{d, k)W ¥{d, kI)

Beispiel:
sol{d, 23
- 117
100 —
5
29
01 4 - —
14
13
o 01 —_—
L 14 ]

Polynomkoeffizienten - Coefficients of the polynomial
KOEFF(d, k) := VECTOR(ELEMENT(LOSUNG(d, kJ, 1, k + 2), 1, 1, k + 13

Beispiel - Example

KOEFF(d, 27
11 29 13
5 14 14

POT_A (k) = VECTOR(Xj, i, 0, kd
Endgliltiges Interpol. /Approx.-Folynom:
POL{d, kD := KOEFF(d, k):POT_X(k}'
1. Beispiel {Approximationspolynom wom Grad 23 - 1. Example (quadratic approximation)
POLCd, 2D
2
13.x 29 % 11

o

14 14 5

2. Beispiel {Interpolationspolynom) - 2. Example {interpolation polynomiall
POLCd, DIMEMSION{d} - 12

5 4 3 2
41.x 23 1705 1847 % 20107 % 146

2520 56 504 168 1260 21
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11.x 149
#31: POL(d, 1D = +
37 TS
2
2485 % 22497 % 4297
#32. POL(d, 23 = - + -
2904 2904 454
3 2
TEES v 65765 % 652211 82727
#33. POL(d, 30 = - + = +
19858 14901 59604 5934
4 3 2
3959.x 23959.% 476053 % 44944 . 19955
#34: POLCA, 40 = - + - + -
44336 22168 133008 8313 11084

#35: The nterpolation polynomial:
#36:  INT_POL(d) := POL{d, DIMENSIONCd) - 13

5 4 3 2
41 % 23:% 1705.x 1847 % 20107 % 146
#37: INT_POL(d) = = + = + =
2520 56 504 168 1260 21

#38: much more elegant: instead of functions KOEFF, POT_X, POL{d kJ}:

k 1
#3959 POLY(d, k) := I ELEMENT(SOLUTIONCd, k), 7+ 1, k + 2).x
1=0
3 2
FEES x B576E5 % 652211 % 82727
#40:  POLY(d, 3) = - + - +
19868 14901 59604 59934

#41:  INT_POLY{(d) := POLY(d, DIMENSION{d) - 13

5 4 3 2
4l x 23x 1705.x 1847 4% 20007 . 146
#42:  INT_POLY(d)

1
1
+
1
+
1

2520 56 504 188 1260 21

Additional note of the Editor:
There is a contribution which is related to the topic above in DNL#63: Beyond Polynomial
Regression.

H. Scheuermann, Hofheim/Taunus, Germany

(I try to give a brief summary of H. Scheuermann’s letter)

1. Letter: ... It would be nice if | could copy one DERIVE expression from one Algebra Window to
another one (to change the expression or to try another way of solving the problem or ...)

2. Letter (some days after): ... By chance |'ve found a way to copy expressions using Ctrl+U.

- Open two Algebra Windows and load two files into the windows

- Highlight the expression to be copied in window #1

- AUTHOR and F3 (or F4) — copying the expression into the Author line

- Change the window pressing F1 (the expression seems to be lost but ...)

- AUTHOR (in the other window) and press Ctrl+U — the expression appears in the Edit line ready
for proceeding as you want.

DNL: Thanks for the hint, and many thanks for the keyboard model.
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V. Neurath, Velbert, Germany

| would like to contact DERIVE Users dealing with problems of Applied Economics.

Message 2530: From SOFT WAREHOUSE to PUBLIC about HEAT TRANSFER FROM A FIN

File HEATFIN.MTH defines a function that derives the differential equation describing the
temperature of a fin having variable conductivity, cross sectional area, perimeter and film coefficient.
The file also includes an example. Distributed utility files ODE2 .MTH and ODE_APPR.MTH may help
solve the resulting equation.

EXTENDED SURFACE (u,x,a,p,k,h,uinf) derives the differential equation describing the
temperature u(x) of a fin having cross sectional area a(x), perimeter p(x), conductivity k(x), film
coefficient h(x) and ambient temperature uinf(x)

#1: [p0 :=, pl :=]

X
#2: LINCaO, al, x, 1) = a0 + —-(al - a0)
1

d d
#3: EXTENDED_SURFACE(u, x, a, p, k, h, uinf) = — {k-a-— u] — hep-(u = uinf)
dx dx

#4: T(X) :=
#5: For example, simplify the following expression:
#6: EXTENDED_SURFACE(T(x), x, LINCa0, al, x, 1), LIN(pO, pl, x, 1))

Message 2108: From JEFFCOLE to PUBLIC about ABSOLUTE VALUE BUG

There seems to be a bug in version 2.09. In a simplified form, try graphing y=abs(sqr(x)). | get a
graph that includes negative values of x in the domain. Is this a known bug or just a quirk on my end?

Message 2710: From JERRY GLYNN to JEFFCOLE about #27081 ABSOLUTE VALUE BUG

| think the x has negative values which produces complex numbers and the ABS turns them back to
real numbers which are plotted. ABS has two jobs ... turn negatives numbers into positive numbers
and turn complex to real. | think it would be better if another function (rnaybe call it NORM) would do
the second job and ABS of a complex number would be undefined.

Message 3081: From HARALD LANG to PUBLIC about SIMPLIFY AND DERIVE
Try simplifying the following expression with DERIVE:

x = (sqrt(5) + 2)(1/3) —(sqrt(5) —2)*(1/3) (1)

You will get back the same answer. Now approximate. You will get "x = 1". This suggests that x is
equal to 1, but recall that when approximating, DERIVE uses only a finite number of significant digits,
so maybe x is only very close to 1. OK, switch to 20 significant digits and approximate; "x = 1 " again.
In fact, x is equal to one (challenge: prove it!). It may seem a bit strange that DERIVE does not
simplify (1) to "x = 1", but we shouldn't expect it to: as far as | understand, there is no general
algorithm for it. If you worked out a proof, you will see how ad-hoc it is. Here are some thoughts
around this example:
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(1) It is a bit amazing that it is so difficult to simplify expressions only containing numbers, + , -, *, 1
and powers [it is easy to construct immensely more complicated examples than (1); in fact, (1) is the
simplest | can figure out]. Since there are some very clever people at Soft Warehouse, maybe
someone there [or anyone else, for that matter] can tell us a little about simplifying algorithms; what
can be implemented and what can't.

(2) In teaching the nature of mathematics, examples of this kind, in combination with DERIVE, could
serve as a starting point for a discussion on what a proof is in mathematics. Can we prove that x = 1
by approximating it to more and more significant digits? One could relate this to "constructive
mathematics".

Has anyone on this BBS any experience or thoughts on this?

In general, we have a tendency on this BBS to discuss the user interface of DERIVE, which is fine,
but | would find it interesting to discuss also other experiences of DERIVE. For instance, Roger
Folsom's discussion about the chain rule on this BBS was very useful to me. Jerry Glynn asked some
time ago if we were interested in discussing teaching with DERIVE. | should have answered YES, but
didn't since | have no such experience, so | would have little to contribute, BUT, | do teach
mathematics, and | would be very interested to "listen" to such a discussion.

Message 3082:From JERRY GL YNN to HARALD LANG about #3081 | SIMPLIFY AND DERIVE

Wonderful!! | will ignore your disclaimer and take your entire statement as a contribution to a
discussion about teaching math. | will try out your provocative example and then comment.

Message 3089: From CHRISAR to PUBLIC about QUADRATIC EQUATIONS AND DERIVE

Recently some classmates and | were assigned solve some simple quadratic equations using Derive
in our college's math lab. The following equation caused Derive to produce only one of two correct
values for x; "x"(2/3) — 2x*(1/3) — 35 = 0." In actuality, x = {~125, 343}, but Derive will only provide 343
as a possible value. Can anyone tell me why this is, and what this means in terms of Derive's
reliability? Thanks!

Message 3090: From JERRY GLYNN to CHRISAR about #3089/ QUADRATIC EQUATIONS AND
DERIVE

Your question connects to complex and real numbers. If you plot the left side of your equation you'l
get a graph which only appears when x > 0. Derive (and many other programs) thinks that (-125)*(2/3)
is a complex number. In this case —25/2+25 sqrt(3)*i/2. The complex i can be entered by holding down
the ALT key and typing | ... you get an i with a cap on it. In Derive Manage Branch will get you to a
choice of Principal or Real or Any. Solve your equation with the setting on Principal (the default) and
then try it with the setting at Real. Also graph the left side of your equation for each of these settings.
I'll be happy to discuss this further and respond to any questions or comments. Should you question
the results you get from Derive? Yes! Also question the answers from all other sources (including me).
Thanks for your good question!

See how DERIVE 6 is behaving. Josef

2/3 1/3
#1: SOLVE(x - 2% - 35 =0, x, Real)

#2: % = 343

2/3 1/3
#3: SOLVE(x - 2. - 35 -0, %)

#4: ¥ = 343
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2/3 1/3
#5: NSOLVE(x - 2% - 35 =0, x, Real)

#6: ¥ = 342.9999923

2/3 1/3

#7:  NSOLVE(x - 2. - 35 =0, x, —1000, 0)
#8:

2/3 25 25.43.0
#9:  (-125) ==

2 2

2/3 1/3 105 154310

#10:  (-125) - 2.(-125) ~ 35 = +
2 2

#11: Branch := Real

2/3 1/3
#12:  (-125) - 2.(-125) - 35 =0

2/3 1/3
#13: SOLVE(x - 2. - 35 =0, %, Real)

[ATS — 343 v x = 125
2/3
#15:  (-125) =25

Message 3091: From HADUD to HARALD LANG about SIMPLIFYING CUBE ROOTS

The equation (SQRT(5)+2)*(1/3)-(SQRT(5)-2)*(1/3) = 1 follows immediately from the fact that
SQRT(5) +\- 2 = (SQRT(5)/2 +\- 1/2)3.

You shouldn't be "amazed" that DERIVE gives up on this expression. The problem is that fractional

powers are involved here and, as you point out, there is no general algebraic method (other than an

infinite series) to expand a fractional power of a sum. It is only in highly special cases that

simplification is possible. Consider the steps DERIVE would have to go through to try and find a

simplification:

1) Fractional powers are multivalued functions; which branch is to be used? In our example both

arguments of the cube roots are positive. Assuming that the principal branch has been selected by
the user, there is no ambiguity here.

2) Inspecting the arguments DERIVE would have to recognize that they are so-called "quadratic
irrationalities”, i.e. members of a field (SQRT(i) + j)/k, where i, j, k are integers and i is not a perfect
square (a field is a group that is closed under addition, multiplication and division). Therefore there
is a chance (no certainty !) that the arguments can be represented as the third power of a member
of the same field. In that case the expression would simplify to a number which, again, belongs to
the same field.

3) To check out this possibility expand

((SQRT(5)+u)/V)A3 = (3 ur2 + 5)/v*3 SQRT(5) + (U3 + 15 u)/v*3
and set up the equations
3u”r2 +5=vA3
ur3 + 15u = 2vA3
Do these nonlinear equations have a solution with integer u?
4) Eliminating v by multiplying the first equation by 2 and subtracting the second equation gives
ur3—-6ur2+15u-10=0,
the only real root of which is u = 1. Hence v = 2.

It is clear from this that in the general case of a fractional exponent m/n DERIVE must find an
integer solution of a n-th degree polynomial in order to simplify the expression. For n > 4 this
becomes very difficult and time-consuming. Thus it is understandable (and perhaps desirable) that
it doesn't bother.
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Message 3098: From HARALD LANG to HADUD about #3091 / SIMPLIFYING CUBE ROOTS

Very interesting! So what to do is

(1) We consider the number field { x*sqrt(n) + y } where n is a fixed positive integer which is not a

perfect square (n = 5 in my example) and x and y are arbitrary rational numbers.

(2) We check whether each of the numbers sqrt(5) +\- 2 is a perfect cube in this field, which amounts

to solving a third-degree equation [BTW: when we 'identify coefficients', we actually use that sqrt(n) is

irrational, a nice classroom problem.]

| think you have clarified to us in a very nice way what we ask DERIVE to perform when we try to

simplify my expression. BTW, it seems that we have used the failure of DERIVE to perform a

simplification to motivate the introduction of the concept 'number field' [now | am a teacher again.]
Here is another example: 8*SIN(pi/18)*COS(pi/9)*COS(2*pi/9)

This is equal to 1 (new challenge: prove it!). We can get reasonably convinced by approximating it by

DERIVE, but DERIVE fails to simplify it to 1. A Bug!! Hello, Soft Warehouse, are you there
<there...echo...echo> :-)

No, no; no bug. But what intelligent can be said about this example? Is there again some number field
around to help us understand what we demand from DERIVE when we try simplifying?

[To the sysop: If you think the issue if off topic for this BBS, don't hesitate to delete this message, and
give me a message to shut up.] --Harald

Message 3099: From JERRY GLYNN to HARALD LANG about #3098

But why would | tell you to shut up?? | want to hear what comes next!

This is how DERIVE 6 treats #1: E-SIN[—n]-cos[l]-cos[ n ] = S-SIN[—”]-cos[l]-cos[ “n ]

. 18 2] ] 18 g 2]
the expression now:
#2: Trigonometry = Expand

o sl lelT)el S com{ oS - of5)

#4 Trigonometry = Collect

#5:

Some more short notes for the DERIVE USER FORUM

Bob from Homer. NY, USA

Sorry I'm late with this (membership dues, ed.) -please don’t cancel me - love your DNL issues.
Thanks, Bob.

DNL: Donl worry, we didn’t cancel you. And much pleasure with this DNL.

G. Scheu. Pfinztal, Germany

DearJosef, do you know the factorization of a®+ b” = (Ja| + |b| + 2 V|a b|)-(|a|] + |b| — 2 \|a b]). DERIVE
only knows expanding from right hand side to left hand side.

In one file you can find some functions for calculating the sum of the digits of an number.

DNL: We will publish this file in one of the next DNLs.

Dr. S.V.Biryukov. Moscow, Russia

| have a utility that supports DERIVE 2D Plots labeling and axes drawing, labeling and numbering.
Dr. Kutzler told me that it will be rather interesting for DERIVE Users and suggested to describe it in a
short paper for DUG Newsletter .
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Ebene Algebraische und
Transzendente Kurven (4)

Thomas Weth, Wiirzburg, Germany

Einheitliche Konstruktionen

In den ersten drei Folgen dieser Reihe wurden die (neben Kegelschnitten) bekanntesten
und bedeutendsten algebraischen Kurven (zundchst dritter Ordnung) vorgestellt. Im
Einzelnen handelte es sich um die Kissoide (Folge 1), die Strophoide (Folge 2) und die
Trisektrix von MacLaurin (Folge 3). Fiir jede dieser Kurven wurde neben der Herleitung
ihrer algebraischen Gleichung auch jeweils eine elementargeometrische punktweise
Konstruktionsvorschrift angegeben. Obwohl sich diese Erzeugungsweisen sehr stark
voneinander unterscheiden, habe ich (mehr oder weniger durch Zufall) eine Mdglichkeit
entdeckt, alle drei Kurventypen durch eine einzige Konstruktion herzustellen. Abgesehen
von der graphischen Darstellung der Kurven war mir DERIVE vor allem bei der Herleitung
der algebraischen Gleichungen (und der damit verbundenen endgiiltigen Identifizierung)
der Kurven die entscheidende Hilfe. Allerdings gelang mir trotz DERIVE nicht die
Klassifizierung aller im Folgenden auftretenden Kurven. Somit stellt diese Folge des
"Kurvenlexikons" auch eine Aufforderung an die DERIVE-Spezialisten in aller Weit dar,
in den genannten Féllen die Identifizierung der Kurven zu versuchen (mit der Bitte, mich
bei Erfolg davon zu unterrichten).

Uniform Constructions

In the first three contributions | have introduced the best known algebraic curves (besides the conic
sections). The constructions of these curves are very different but by chance | found a possibility to
produce the curves by only one construction. DERIVE was very helpful not only by plotting the
graphs but also by deriving the algebraic equations (connected with the identification) of the curves.
Unfortunately | was not able to classify all of the curves which you will find in this series in future
contributions. So this part of the "Lexicon of Curves" could be a challenge for all DERIVE-specialists
to try the identification of the curves - and please contact me in case of success.

Die Konstruktionsvorschrift — The Rule of Construction
a) Die Inversions am Kreis — The Inversion wrt a Circle
Unter der Inversion am Kreis versteht man eine ebene Abbildung geméB folgender Vorschrift:

Gegeben ist der Kreis k(M,r) und ein Punkt P # M. Der Bildpunkt P’ liegt auf der
Halbgeraden MP und es gilt: MP - MP' = r°.

Eine elementargeometrische Konstruktion des Bild- Inversion on a circle: P’ is the image point of
punktes P gelingt (unter anderen) etwa folgendermafien:  P_ If P outside of the circle, then construct the
Liegt P auBerhalb der Kreislinie, so konstruiert man mit  right triangle PMS over PM and P’ is the

der Strecke PM als Hypotenuse das rechtwinklige pedal point of S wrt to PM and we have
Dreieck PMS (vgl. Zeichnung). Nach dem Kathetensatz =~ — — o ] .
MP -MP' =r“. If P inside of the circle then find

im rechtwinkligen Dreieck gilt dann fiir den Lotfullpunkt
P MP-MP' = 2. the perpendicular line through P wrt to PM

Liegt P innerhalb der Kreislinie, so konstruiert man das gving InFersectlo.n pomt S with the: CI_rCIe and
Lot durch P auf PM und erhélt S. Dann vervollstindigt alccompI'Sh_the right triangle MSP ‘_N'th the
man das rechtwinklige Dreieck P’MS und erhilt nach ~ right angle in S. Then we have again

dem Kathetenstaz wiederum MP - MP' = 1°. MP -MP' = r2.
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a) Die achsenvariante Abbildung — The mapping with variant axis

Die im Folgenden untersuchte Abbildung lésst sich

nun nach folgender Vorschrift konstruieren:

Gegeben ist der Kreis k(M,r) und ein Punkt P = M.

1. Schritt: Bilde P durch Inversion auf den
Hilfspunkt Q ab.
2. Schritt: Bilde P durch Punktspiegelung an Q
auf den Bildpunkt P’ ab. =1
®

Man beachte, dass jeder Urpunkt durch diese

Vorschrift sein ,,individuelles* Spiegelungszentrum

zugeordnet bekommt.

Q is the image point of P applying the inversion wrt circle k(M,r). P’ is the image point of P applying a
reflection on Q. Each single point has its own reflection centre.

Herleitung der Bildpunktkoordinaten — Deriving the coordinates of the image points
Zur Herleitung einer Koordinatendarstellung fiir den Bildpunkt P* der Abbildung verwenden wir ein Koordi-

natensystem mit dem Kreismittelpunkt als Ursprung.

For finding the coordinates of P’ we use a system with the centre of the inversion circle as origin. The
following calculation uses vector representation:

Zunichst gelten die Vektorgleichungen:

(1) MQ-MP = 12, da Q Bildpunkt von P bei der Inversion an k ist und (because of the inversion)

— . MP+MP
2) MQ = m , da Q als Spiegelungszentrum die Strecke PP’ halbiert.

Setzt man (2) in (1) ein, dann erhélt man: (*) MP-(MP +MP') = 2r*. Setzt man MP = (XJ und MP' = [x'j , SO
y y

erhilt man zusétzlich zu dieser vektoriellen Abbildungsgleichung (**) i’ =L , denn P und P’ liegen
X

auf einer Geraden, die durch M, also den Ursprung geht.

Einsetzen der Koordinaten in (*) liefert gemeinsam mit (**) ein Gleichungssystem fiir die Bildkoordinaten x’
und y’. DERIVE liefert als Bildpunkt von P(x,y):

2r’x _
. . xv x2 +y2
(Koordinatendarstellung der Bildpunkte) P'= = R
Y 2rty

x4y
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1 Fzw Fzw | Fuw FE [ 1 Fzw Fzw | Fuw FE [
va AlgebralCalc Dther‘TPr‘ngDTClean Up va AlgebralCalc Dther‘TPr‘ngDTClean Up
mlx wlFmp § [xx 9d] PP [xx wu] LEMSTER T L IR i
L S [x+><>< g+gg] msoluyelequl and equZ, Lxx gyl)
2 N 2 2 ‘2_x2_g2]_x o HH:[2_r,2_><2_,=|2]_,=I
= dobPimey, mp) = + equl 5 - -
MO o oweew Yt oggey 3 2_..2_ 2
4 + =r ool — - .
z T *E z 2?22 = 29]x|x=u and u=t
Wy = Ky P eguz Uy x = HHY ®S+y
MG KAD_AUTO FAk 20,50 MG KAD_AUTO FAk 18,50

(You can find the DERIVE calculation in curve_lexicon.mth.)

Konstruktion der Kurven — Construction of the Curves

Zu den angekiindigten Kurven gelangt man nun, indem man Parallele zur y-Achse in verschiedenen Abstinden
zum Ursprung punktweise abbildet. Bildet man eine Parallele zur y-Achse mit Abstand # zum Ursprung ab, so
haben die Geradenpunkte die Koordinaten (u,f) und werden demnach abgebildet auf Kurvenpunkte mit den

Koordinaten:
2rtu 2r’t ;
—u, —t.
u? +1* u? +1*

Mit ¢ als Kurvenparameter liefert DERIVE als Bilder der Geraden — unter Verwendung von Schiebereglern fiir
den Radius r des Inversionskreises und den Abstand der senkrechten Geraden u:

-3 -2 - 1 2 3 4 5 6 7

Die entstehenden Kurven &hneln nun sehr stark Kissoiden, Strophoiden und Trisektrices. Ob die abgebildeten
Kurven aber wirklich die genannten sind 1dsst sich erst an Hand ihrer algebraischen Gleichungen entscheiden.

We obtain the curves mentioned above as images of vertical lines x = u. The resulting curves are
described by the parameter representation with parameter t. We can install slider bars for rand u and
the resulting curves are reminding us on Cissoids, Strophoids and Trisectrices. Whether the
conjecture is true or not can be decided by inspecting their respective algebraic equations ...

But first of all let me — now in 2007 — reproduce the mapping using GeoGebra. The first figure shows
the general construction. The we can edit the x-coordinate of point B which is the u from above and
enteru=x=r-\V2,u=x=randu=x=r/2.

4 Free abjects *
----- 5 A=(35,203)
----- 3 B={463,0)
----- 3 P=(463,233)
4 Dependent objects
s M=(0,0)
3 P'=(1.01,051)
» Q=(282,142)
5 a:x=4863
4 b=4.06
Jirx*+y*=16.38
-0 r=4.06
1 Alxiliary objects
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_iFree objects *

9 A=(35,-2.03) L
a B = (r/sqrt{2),

-

The TI-Procedure:

Fi ‘l’ v (i TE TE™ Fi ‘l’ v (i TE TE™
-.-E AlgebralCale CILher*TPr‘gnIDTElean Upﬁ -.-E AlgebralCale CILher*TPr‘gnIDTElean Upﬁ
[Z'Pz—tz—uz]-u LLr e
e S xt1(L) Darel [2-P2—L2—u2]-t
te+u = gttt Dt
[2-r2—x2— 2]_ P
- . 29 u [%=u and u=t ®zoluelx = xb10t) and g=utl(t). {y i3]
At L I —z 2. L.
[2:p2-t2-42)¢ WM I wlutxl-2r s 2
2202 Ju+=

FHEY ERD RUTO FHE 18230 FHEY ERD RUTO FHE 18230

1w _Fe™ | F¥ & FEw | FE™ [F7
- f—|Zoon[Trace|RearaphMath|0raw| -

P et Sl P
t24 "
wrh2=mt 1) | =2 and u=£2-ﬁ 2

=
e

wgh2=gtlit) | =2 and u=
rbI=2-cosit
AutE

vt Ctr=2¥sinCt>

FHEY ERD RUTO FHE FHEY ERD RUTO FHE

22 2

Algebraische Kurvengleichungen — Algebraic Equations of the Curves

Bezeichnet man der Einfachheit wegen die Koordinaten der Kurvenpunkte mit x und y so erhilt man die

2r° 2r’t o 4
Parameterdarstellung (x = 2r uz —u,y=— ! > —t). Eliminiert man (mit DERIVE oder dem TI) den
u” +t u” +t

Kurvenparameter ¢, so erhélt man als algebraische Gleichung fiir die Kurven:

2
x4+ x (u —K] +y*(x+u)=0 (algebraic equation of the curves)
u
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I‘Fi T FEv Tr:v]’ F'WT FE T FE™ T] I‘Fi T FEv Tr:v]’ F'WT FE T FE™ T]
va Algebra|Calc|Other|FrgmlId|Clean Up va Algebra|Calc|Other|FrgmlId|Clean Up

lsn_lue(><=xt1(tj and gy=gbidtd, {g LX) 5 [ 2
hl—-u - u-(u+x)‘2-r2-_Tl->< » aluc uturg-2r 'JT'X
— and u= TR ot 27 Ta+=
[otasmzv2 2L 2 _[2r2-uue )2
. )= 2rs e n vt = TOCES
s — [ - [E-Pz—u-(u+xj]-x2]
HHGY FAD AITO FAE_18/70 MHGY FAD AITO FAE_18/70
I’Fi T Fer Trsv‘[ rlqu FE T i T ] I’Fi T Fer Trsv‘[ rlqu FE T i T ]
TE Algebra|Calc|Other|Prgmld|Clean Up TE Algebra|Calc|Other|Prgmld|Clean Up
T o 7
S e G 2
- 92=[2 = (u+><)] x ) '[Z-r"z-xz—u-(u+xj-[x2+g2]] )
WU+ ) T =
2 2
RN N VR EVIE Y | s N 2.2 2 2
(u+xj-92=[ IEI :I] .PF‘DPFF‘EC[ [2-r~ St —u-(u+xj-[x td ]]b
u
2 2
2T = lut ) ox 2l 2
lleFt[(u+><)--=|2=[ 5 j] ]—r'h Ep—ux+u-><2+u-gz+x3+x-g2=lﬂ

2= 2R P2 X a2 2 X2 =0

HMHEY EAD AUTO FAR _19/%0 HMHEY EAD AUTO FAR _19/%0

|’F1 T Fev Trzv]’ruv]’ FE T FE T]
- E Algebra|Calc|Other|PrgmI0|Clean Up

lalg_equ|u=r~-ﬁ E-r‘-92+x3+x-uz=ﬂ

malg_equ|u=r P'[':IE—}(Z]+}€C3+}<"=|2=E|

malg_equ|u =%

2
2 .2
ans {12 r=1]
FMrGY KD AUTO FARRE  18/%0

Setzt man hierin speziell:

¢ wu=r-2: soerhilt manals Kurvengleichung y*(r- 2+ x)+x’ =0, und nach einer Spiegelung der

Kurve an der y-Achse (x — —x): (rx/i —x)—x" =0, also die algebraische Gleichung der
Kissoide. (Vgl. Lexicon of Curves (1))

¢ u=r so erhilt man die Kurvengleichung: y*(r + x)+ x> (x —r) = 0, also die algebraische Gleichung

einer Strophoide. (Vgl. Lexicon of Curves (2))

rﬁ]_xz[y\/ﬁ_x

so erhilt man als Kurvengleichung: )* (x +T 5

ij, was mit 7 = 1 die

algebraische Gleichung einer Trisektrix von MacLaurin liefert. (Vgl. Lexicon of Curves
3»
Insgesamt liefert damit eine einzige Abbildung die aufgezéhlten algebraischen Kurven als Bilder von speziellen

Geraden.

Das Problem: Bilder von Kreisen — The Problem: Images of Circles

Die Untersuchung von Bildern von Kreisen unter der obigen Abbildung kann nun prinzipiell nach demselben
Schema erfolgen. Allerdings ergeben sich hier algebraische Probleme, die ich trotz DERIVE nicht "in den
Griff" bekam. Sicher bin ich, dass es sich bei den Bildern auch wieder um algebraische (und nicht etwa
transzendente) Kurven dritter und vierter Ordnung handelt. Vermutlich finden sich unter diesen Kurven die
Lemniskate von Bernoulli, die bekannten Pascalschen Schnecken sowie als Spezialfall die Kardioide. Zum
Abschluss seien noch einige Kurven dargestellt, die sich als Bilder von Kreisen mit der Parameterdarstellung
(t + 1.5 cos a, 1.5 sin a) ergeben. Die Mittelpunkte der Kreise liegen also auf der x-Achse, die Radien sind
r= 1.5, der Radius des Inversionskreises ist 1.
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Interessante Kurven ergeben sich auch beim Abbilden von Kegelschnitten. Allerdings ist eine Herleitung der
algebraischen Kurvengleichungen in diesem Fall sehr (zeit-) aufwéndig. Ausfiihrlich ist die Untersuchung der
oben angegebenen Abbildung und ihrer Eigenschaften dargestellt in "Didaktik der Mathematik, 2 (1991),
S. 145 -164".

Allen, die sich mit dieser Konstruktion beschéftigen wollen, ware ich sehr dankbar, wenn Sie mich iiber ihre
Entdeckungen und Ergebnisse informieren wiirden.

Using this mapping we can investigate the images of circles. Here we are facing algebraic problems
which | couldn’t solve even using DERIVE. | am sure that the images are algebraic curves, too (of
order three and four). | think that we will find the lemniscate of Bernoulli, the well known snails of
Pascal with the Cardioide as a special case among them. In the figures you will find some curves
which are images of circles with the parameter form [u + 1.5 cos(t), 1.5 sin(t)]. The centers of the
circles are lying on the x-axis. The diameter of the inversion circle is 2.

Interesting curves appear as are the results of mapping conic sections. Deriving the algebraic
equations of the curves is a very time consuming work. You can find the mapping introduced above in
"Didaktik der Mathematik, 2 (1991), p 145 - 164".

| would appreciate each investigation and result concerning this special mapping. Thank you!

In the original version of 1994 Th. Weth added four figures. in 2007 | used the GeoGebra file from
above and redefined the line x = u as the circle given above. In an instant | can see the new image
pictures of the circles.

The next page shows the DERIVE calculation followed by the graphic representation using a
slider bar for varying parameter u. DERIVE and GeoGebra form a wonderful pair for
investigating mappings and loci.
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3 3
circ = [u + —CO50tE, ———-SIN(t)}
2 2

2% 2oy
map = - X, -y
2 2 2 2
%

+ oo+ Y

circ_img = SUBST{map, [x, ¥], circ)

2 2 2 2

F600C0SCEY + 30120+ 13GC0SCED + 2eueidu 4+ 1D FSIHCED (1200 COSCED + dow + 1D

circ_img = |- g
2 2
212w COSCEY + 4o+ 9D 2e12uCOSCE) + deu + 9D
2

#l4: y =

2 2 2 4 2 2 2 2

(Je4-u -x + 16-u-x-(4-u =17) +16-u = 8-u + 1) = 8-u-x = 4-u + 1) -((8-u-x + 12-u + 1D-. (4~

2 2 2 2 ~
128-u -(f(64-u -x + 16-u-x-(4-u - 17) ~

2 2 2 4 2 2 2 2 4 2
“uo-x 4 16-u-x-C4-u = 17) + 16-0 = 8-u + 1) = B4y X+ 128-u-%-(1 = u D) = 80-u 4+ 280-u = 1D

4 2 2 Z
+16-u = 8-u + 1) = 8-u-x=4-u + 17
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#20: el11 := [u + a-Cos{t), b-SINCtY]
#21: ell_img := SUBST(map, [x, y1, el
#22: ell_img = |-
3 3 2 2 2 2 2 2 2 2
a -Co0sC(t) + 3-a -u-C0SCt)  + a-Coscty-Cb -SINCEY + 3-u =22 + u-(b -SIN(EY) +u =22
2 2 2 2 2 T
a -Co0SCt) + Z-a-u-COSCt) + b -SINCE) + u
2 2 2 2 2
b-SINCt)-({a -COSCt) + 2-a-u-C0SCt) + b -SINCEY + u = 20
2 2 2 2 2
a -CosCt) + 2-a-u-C0SCt) + b -SINCEY + u

The images of ellipses represented supported by slider bars in DERIVE and of general conics
(GeoGebra):

.00

GF




pl8 C.E. Reuther de Siqueira & J.V. Domingos: Fluid Flow | D-N-L#14

Fluid Flow in DERIVE™

C.E. Reuther de Siqueira & J.V. Domingos, Petropolis, Brasil

ABSTRACT

The DERIVE program shows itself as a powerful tool to the teaching of Mathematics,
Physics, Thermodynamics and Strength of Materials among others. The students of
Engineering courses are hopeful with the results presented in DERIVE, mainly that with
graphics visualization. In this contribution we use the graphic facilities of DERIVE for the
graphic visualization of the fluid flow through a cylinder.

INTRODUCTION

The Navier-Stokes equations for viscous fluid flow is very complex for the mathematical analysis.
The Computational Fluid Dynamics (CDF), is using Finite Difference Methods for the solution of
these equations, together with methods of grid generation. But, simplification of Navier-Stokes
equations could be done without a sensible loss of reality. So, one could find analytic solutions more
easily. Here we will use one of these simplifications using the potential flow in polar coordinates and

in steady incompressible flow. From this the continuity equation is '*):

V-Vzl[a”/anej:o (1)

rl o 00

ls

Figure (1) illustrates the cylinder studied and the speed of the fluid in infinity.

—
- U

_—__-% o

—

— —>

Figure 1. The physical domain

Using the potential flow, the streamfunction, which satisfies continuity equation (1), could be"":
a2
y=U, r[l——stinG 2)
r

where  ist he streamfunction and o’ = A with 4 being a constant and U, the initial speed of the
0

fluid. The solution of equation (2), using DERIVE will be:

2
v d 2
+ +4
U, sin6 \/(UO sinGJ .
V=

2

3)
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An idea of the streamlines could be obtained making =2 a U, in equation (3) and the result will be:
r=a(csc9+\/1+csc29) 4)

In equation (4) the function varies from infinite, in # =0, to 1 in = 1/2, and then becomes ininity in
68 =0 and 8= . The streamlines are presented in figure (2).

Figure 2. The streamlines around the cylinder

For figure (2) we use the following sequences in DERIVE:

#1: Fluid Flow
#2: Up Tines

2
#3: VECTOR(a-(CSC(OY + /(1 + CSC(8Y D), a, 1.1, 1.5, 0.1)

NN o plotting: m/20 <= 8 <= 19m/20)

#5: Down Tines

2
#6: VECTOR(a-(CSC(B) + (1 + CSC(BY DD, a, -1.1, -1.5, =0.1)

#7: The cylinder:

#8: 2.5
CONCLUSION

Equation (4) is written in polar coordinates. If DERIVE doesn’t have the possibility for plotting these
curves in these coordinates the problem would become even more complex. The development of
numerical procedures and graphics for visualization of the streamlines would be necessary. In this
contribution the speed and facility for visualization in the problem of Fluid Dynamics was shown.
Like in this work others like Thermodynamics and Strength of Materials could be elaborated. Once
more DERIVE showed itself as powerful tool.
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| didn't translate or give a short English version of Mr Ramos' contribution, because | really believe
that you will understand his ideas presented in his file. As a little support | changed his DERIVE-
comments, giving short translations. Spanish is a wonderful language and | hope you will enjoy his
desplazamientos. | really did. Muchas gracias! Josef

Los desplazamientos
en las funciones elementales

P. Familiar Ramos, Valencia, Spain

Este articulo es un estudio de las transformaciones geométricas en el plano aplicadas a una funcion
u:=f{x), utilizando el programa DERIVE. Para ello se definen las respectivas funciones que corresponden a los
movimientos de traslacion, rotacion, reflexion, o reflexion en deslizamiento (las cuatro isometrias del plano ), y
también se estudia la homotecia.

Al tratar de enfocar el problema, en seguida nos encontramos con una limitacién: dado que incluso
una pequefia rotacion aplicada a la funcion u=f(x) origina casi con seguridad que la funciéon deja de ser
uniforme... lo mejor es trabajar en paramétricas al efectuar estas transformaciones.

(Alguna otra limitacion? Si. Como DERIVE no es capaz de representar en paramétricas funciones que
tengan discontinuidades asintdticas, por ejemplo no dibuja (t,1/t) sabre un intervalo que contenga el cero (v.g.-
3.1416 <t<3.1416), nos limitaremos a considerar funciones continuas.

Sin embargo, DERIVE es capaz de dibujar en paramétricas funciones con discontinuidades de salto
finito. For ejemplo representa sin problemas la funcion

[x, IF(x < 0, 3x & + 2, SIN(3x))] en -5 < x < 5,

N ANVANYA
R Y Y

de modo que también podemos aplicar las transformaciones geométricas a este tipo de funciones.
Es interesante experimentar con funciones sencillas y ver como actian los movimientos. Presentamos

ahora el listado que contiene las transformaciones geométricas, listas para ser usadas, y mostramos a
continuacion algunos ejemplos concretos, que sin duda pueden ser mejorados, pero que sirven para ilustrar esta

teoria.

Hhkkkkkhk b bk bk hhk kb Ak bk hhhh kb hhkhdk kA Ak bk ko k kb Ak rhhk ok k kA k kA h kA kkhh kR A Ak hhkk kb Ak

TRANSFORMACIONES GEOMETRICAS EN EL PLANO
aplicadas a una funcion continua u:= f(x)

Hhkkkkkhk b bk bk hhk kb Ak bk hhhh kb hhkhdk kA Ak bk ko k kb Ak rhhk ok k kA k kA h kA kkhh kR A Ak hhkk kb Ak

Traslacion de vector (a.b) - Translation by the vector (a.b)
#1: TRASLACIONCU, a, b)) = [x, ul + [a, b]
Traslacion horizontal del longitud |a| - Horizontal translation

#2: TRASLACION_HCu, a) := TRASLACIONCu, a, 0J
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Traslacion vertical del longitud |b| - Vertical translation
#3: TRASLACION_V(Cu, b) := TRASLACIONCu, 0, b)
LA RS RS R RS R Rd R R R iRt R iRttt Rt Rt Rty d)]
Rotacion de centro (x0 40) v amplitud o (en grados) -
Rotation with rotation center (0, v0) by o degrees
C0S(x-1°)  SIN{m-1%)
#4: ROTACIONCu, x0, y0, o) == [x = x0, u - y0O]- + [x0, y0O]
- SIN(x-1°) COS(m-1°)
Simetria central respecto del punto (x0 y0) - Reflection with center (x0 y0)
#5: SEMIGIRO_(u, x0, y0) := ROTACIONCu, x0, y0, 1800
iro de amplitud ¢ alrededor del origen - Rotation by o deg around origin
#6:  GIRO(u, o) := ROTACIONCu, 0, O, o)
Simetria central respecto del origen - Reflection with arigin as center
#7: SEMIGIROCu) := GIROCuw, 180)
LRSS RS R R R AL R RS R R R R R R R e R e R R LR R R L]
Reflexion respecto de la recta ax + by + ¢ = 0 - Reflection with respecttothe ine ax+ by +c =10
_ : : -
a =b 2-a-b
2 2 2 2
a +b a +b 2-a-c 2-b-c
#8: REFLEXIONCu, a, b, < = [x, u]- + |-
2 2 2 2 2
Z2-a-b a -b a +b +b
2 2 2 2
L a +b a +b J

Simetria respecto del eje Ox - Reflection with respect to the x-axs

#9: SIMETRIA_OX(u) := REFLEXIONCu, 0, 1, 02

Simetria respecto del eje Oy - Reflection with respect to the y-axis

#10: SIMETRIA_OY(uW) := REFLEXIONCu, 1, 0, 02

Simetria respecto de la diagonal principal - Reflection with respecttoy = x

#11: SIMETRIA _DIAGONAL(u) := REFLEXIONCu, -1, 1, 0J

Simetria respecto de la diagonal secundaria - Reflection with respect toy = -x

#12: SIMETRIA_DIAGONALZCu) := REFLEXIONCu, 1, 1, 0D

AR R R R KRR R R R R

Homotecia de razon k con centro en el punto (x0 y0) - Enlargement by factor kowith center (x0 y0)
#13: HOMOTECIA_Cu, %0, y0O, k) == k-[x = x0, u = y0] + [x0, y0]

Homotecia de razon k centrada en el arigen - Enlargement by factor kowith center (0 0]

#14: HOMOTECIACu, k) = HOMOTECIA_Cu, 0, 0, k)

hhkkhkk kb bk dhrhhhhhhhhhhhhhhh kAR A A A h Ak kA hhhhhhhhhhhhhhhw
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Reflexion en deslizamiento del longitud |d| respecto de larectaax+by+c=0-
Reflection and glide by |d| with respecttothelineax+by+c=0

#15: de la recta ax + bx + c = 0
b-d a-d
DESLIZAMIENTOCU, a, b, c, d) :z REFLEXIONCu, a, b, <) +
#16: 2 2 2 2
Ja +b>) Ja +b>
Ejemplos - Examples
The original curves are black and the results of the transformations are red.
2
#17: - X
Lz e
#18: TRASLACIONCU, 2, =1.5D)
2
- % 3
#19: X + 2, e SR
2
2
#20: - X
TABLE\ = . %, =5, 5, 0.01
#21: (TABLECTRASLACION(Cu, 2, =1.5), x, =5, 5, 0.01))1.12
2
-5 -4 -3 -2 - 1 3 4 5 5
-1
-2
Rotation Reflection

' C " . . . -2
¥
Uiz IF(x < 0, 3-x-e

Uiz 2-5INCx) = Q05(2-x) SIMETRIA_OX(u)

GIROCu, =300

+ 2, SIN(3-x0
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Reflection Reflection

R N
AV VRV Ve

X
Ui IF(x < 0, 3-x-2 + 2, SIN(3-x2D

SIMETRIA_OY{u)

Uiz IF(x < 0, 3-x-e + 2, SIN{3-x)

SIMETRIA_DIAGOMAL (LD
Reflection & Glide
5 4 3 2 -1 2 5 6 7 :
3-|x|
u = 5 -4 -3 -2 - 4 5 5
2 . .
1 + x
1
O0-x +1-y = — =0
Z2
3- x|
1 u o=
DESLTIZAMIENTO| u, O, 1, = —, 2 2z
2z 1+ x
Z2-x =3y =1=0
DESLIZAMIENTOCu, 2, -3, -1, =2J
Homotecia

Uiz SINCx D Uiz SINCx D

1 3
HOMOTECIA_[U, 0, =4, —J HOMOTECIA_[LJ, 2, 2, —}
i P
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Ahora que conocemos major las notaciones, podemos ir mas alla jugar un poco con expresiones del
tipo
VECTOR (GIRO (SIN(x), k), k, 11.25, 180, 11.25)

obteniendo en este caso:

(Qién iba a decir que este resultado es un «conjunto de senos»?

It is not so difficult to transfer the transformations on the CAS-TI devices. However there are some
specialities which must be considered. | convert the matrix into a list — then it is easier to store the two
components of the parameter representation in the Y=EDITOR. Piecewise defined functions make
problems by transfering them into the Y=EDITOR (see below).

matdlist([t,u]+[a,b])|x=t —» trasl(u,a,b)
b et el ot lrantolc 1emn Us] |

mmatklisti[t uwl+[a bl | =t *trasliu,
Do

. tPasl[e "‘2, z, -1.5]

{irz et®ogal :i:;:uz et 2z {4]
'{L+2 e-t2—3/2}[1]"xt2(0 : {t +D?:\n:- «g%%= L+ 2 e't2_3/2
BTy

wit 42, M2 -3 A2 [ 2] 30t 2Ct ) | |[xtI(tD=

MAIN EAD EHACT FAR /20 MAIN EAD EHACT PAR MAIN EAD EHACT FRE

matdlist([x-x@,u-y@]*[cos(a),sin(a);-sin(a),cos(a)]+[xB,yd])|x=t —» rotac(u,xd,yd,a)

ngebra Calc, Elthe-r* Pr*ngElTClean Up

T1-sinfa) cosColk
Done|

B protac(Z sin(x) —cos({2 «), 1,1, 607 )
" rotac(Z sin(xd - cos(2 ), 1, 1,609) {% -Fesincy+ & +§ 1z b

{B-coscz-tj (Ehet v =

A2 COHSH  [Feasintit— + T 410z b _ .

5 22.t 2 .]23 .{75 5"—‘;(2 t’)_ﬁ-sin(tj+%+g+1/2 »
{ COSt )—.J— 51n(L)+—+—+1/2 » Done

D vl 1d I x=t*rotacCu, . x0. vl. ad || O[1T+xtd4CtdansCId[2TrytdCtD

EAD EHACT FAR '8 MAIN EAD EHACT FAR _ B/20 MAIN EAD EHACT FRE
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rotac(u,x@d,yd,n) — semig_(u,xd,yd)

- {— ngebr‘alcalc Dther‘ PPngD Elean Up

T - Fein(t F g v 12 )

Dahe

®potac{u, ®0, 9l , m) + semig_(u, =0, gd)
Dohe

Beemig (2 -sinix) —cos(2-x), -2, 1)
T-t -4 cos(2-t)-Z2-sinft)+ 23
mi-t -4 cos(2-t)-2-sinft)+ 23[1] + wtdp
DOaohe

L2111 xt4Ct) ans (1)[2]->9t4(t ]|

MHIN KAD EWACT 8./20 FAIN KAD EWACT FRE

rotac(u,%,0,00) —» giro(u, o)

I‘Fi ]’ Fev Tr:v]’ruv]’ FE ]’ FE™ ]’J
- E AlgebralCalc|Other|PrgmId|Clean Up
|8[u]

®potaciu, @, 0, o) + giralu, a) Daone
BgirolZ-sini=) —cos(Z - x), 4322
S[Z(cosi2-t)-2-sinlk) -] -[E-[cosg

z
S[Z(cosi2-t)-2-sin(t) -] -[Z-[cosg
5 )
Done
Bns{d2[1 1 x4t tansC12[ 21+t
MH RAD EXACT FRE 12430 MAIM RAD EXACT FRE

giro(u,180°) — semig(u)

[‘Fi T Fev TrsvTruvT FE T FE™ T]
vEngebr‘a Calc|Other|PrgmId|Clean Up f?

_{ -[Z -(cus(Z-t)z— Z-sinfti-t)  -[Z (cos,

Dohe

B giraliu, 180% 3+ seniglu) Dahe
B seniglZ-singx) — cos(2 - =)0

-t cos(2-L)-2-sinCt)X

m{-t cos(2-t) -2 2infti3[1]+ xbdity = i

Diaohe

L 2L1] 3t dCe ) tansC1 L2 utdCED

FAIN EAD EHACT FAR__41C5/30 FAIN EAD EHACT FAE

matalist([x,u]*[-(a”*2-b"2),-2a*b;-2a*b,a”*2-b"2]/(a*2+b"2)+
[-2a*c,2bxc]/ (a”*2+b”*2)) |x=t — reflex(u,a,b,c)

T Fiw e % i T Fov | Fe FEv | _FE™ EE]
vE Algsbra|Calc[0ther |Pramld|Clean Up vE Zoom|Trace Regr‘aph Math|Oraw|- f

mu|x=t s Ukt Do
mpeflexiu, 2,3, -2) \ C: A
= 2 - 2.
3-t<-=in(2-t) S-t<-5] l_
7+—+a/13 —52P Jl"\
ene Zzinczoty 52
2 2 s . { “EbS-sin Sip
IXT-sin(2-x)->u B 51:(2 =2 1z +8/13 =
Done d:
w2+ h*23 3 I x=t3reflexCu,a b, c> |[LO[1T1+xt2Ctdcans(12[2]3t2(t)]
HAIH FAD ERACT FAF_E/30 HAIR FAD ERRCT FAR_Forsn RN FAD ERALT FAE

[‘Fi T Fev TrsvT ruvT FE T FE™ T ] [‘Fi T Fev TrsvT ruvT FE T FE™ T ]
- E Algebral|Calc|Other|PrgmlId|Clean Up - E Algebral|Calc|Other|PrgmlId|Clean Up
®paflexiu, @, 1, @)+ sim_xiu) Dane mpraflexiu, 1, 1,31+ sim_s{u) Done
:r*eﬁex(u,1_181'3?3'3‘_}51@_9?;) EDHE {3-x-ex+2,xi'3_>u {2+3-ex-x,xiﬂ

reflexiu, “1, 1, 0+ sin_diu) 2Ll 2in(3 ), else 2in(3 -, elee
Bpaflexiu, 1,1, 00+ sim_slu) Dahe o

" N {2+3-e R LT PP, Home

.{3:}('9 +2,><EEI_“_’I {2.+3-e CHLa M B sint3 - x), elze

sin(3-x),else sin(3-x),el=e

! ® - s im_xiu) { { X+2X{EI}
R ALl PT AT R T X Dok sin(3 w),else
ans (1 I x=tsutl{t] IffflEX(u 2,3,.°2>
MAIN FAD EXACT FRE__ 0,30 HIN RAD EXACT FRE_ZB/30

Substituting t for x does not apply for the piecewise defined function. | helped myself by defining the
STEP-function,which returns 0 for x<0 and 1 for x>0. You could also define u as a function of t.
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rfi T Fer TrsvT r-wT FE T FE™ T]
TE Algebra|Calc|Other|Prgmld|Clean Up

_—slgnéx) L step(x)

mztepr 'xj-[S-x-ex + 2] + step

&

Dane

(31 sin03 -5 4k

[sigrnizd+1]-sin(3 =)
2

[3-x-ex+2]-|:5ig.,
2

LIS R FY]

T L LA I S T = P
w211 dxt2Ctdtans 1 2[2T3utdCtD
MAIN FAD_AUTO FAR__=/20

HMAIN

I‘Fi T FEv Tr:v]’ F'WT FE T FE™ T]
va Algebra|Calc|Other|Frgmld|Clean Up

EAD AUTO

FAE

L 2 2
l{t- '[(519n(t)+1)-5in(3-t)—[3-t-6t+2h
2

Do mm

LE=S YU g F)] ATARY) WS
= Egign(tj+;j-sin(3-t)_[S-t-et+2b
w11 *xt2CtrtansCA L2132t

MAIN FAD_AUTO FAE_ G730 FIAIN FAD AOTO FAE

I‘Fi T FE™ Trsv]’ i T FE T FE™
TE Algebra(Calc|Other|PrgmId|Clean Llpm

= im_glu)
[sianftl) + 1]1-5ini3- 1)

Dane

[3-t-et+sz
- »

-t

s im_d{u)

Z

toets 2]-(515.,

{(sign(t) +1)-sinc3 ta-[3-
=

wrl11xt2CtriansC12[

21rat2Ct 2

HMAIN KAD AUTO

FAE

B30 HMAIN

KAD AUTO

FAE

L

= im_d{u)

z

I’Fi"m]’ Fer Trsv]’ Fiw T 3 T FE™ T ]
~§—|Alacbra|Calc|0ther |Praml0fClean Up
T

YA

3

toebs 2]-(5i¢_.,

{(sign(t) +1)-=ing3- 0y (3
z

Bzip_s{u)
{(zianct + 10 sin3 -y - [

3ot ez) (s

2
w11t 2Ctrzans 1]

21»9t2CED

[RLIL] EAD AUTO

FAE

CﬂUﬁUp
>

>

<

GREL] [RLIL]

EAD AUTO

FAE

matGlist(1istamat(reflex(u,a,b,c))+[bxd,-axd]/V(a*2+b*2))|x=t — desli(u,a,b,c,d)

|f1 T Fr TFBTFH Trs F& T]
- E ngevbr*a Cafc Dt.h:':-r‘ F'r‘gmID‘I’Clr:-ar'nv g

I‘fim‘]’ Faw T Faw 'l' G 'l' FE 54 T ]
+ f=—|Algchra|Calc|0ther PPngDTClean Up
=8 =T T

1| Fer

i

Zoom

3 & FE
Trace|Regraph|Math|Draw |+

Far

L] matrlist[listrmattref‘lex(u, a.b,ch +hb

Dok

o2l N BN
u

1+x2 w241

mylx=t s ukich) Do

Bdeslifu, 8,1, -1-2,2)

t+2 1 3'““'}
L2+1

mdeslifu,2, -3, -1, -2
T4 -15
It +13+5113_+4/13 »
1312+ 1) 3t

—

ulx tryti(t)

)[1]—>xt3(t) ans(i)[2]—>yt3(t)|

RAD AUTO FAR /20

MAIN

EAD AUTO

Fx T Fer Trs-Tru-T FE T F&™ T]
- E AlasbralCalc|0ther PramI0|Clean Up

1 Fzv
- E Zoom|Trace Regr*aph Math|Draw| -

Fx

FEw Fav TF7

Il

smatrlistik-[x - =0 u-ull+[=0 bl +hok
Dok
Dok
sin(xz]
Dok

" oot _(u, @, 0, k) + homot(u, k)
u sin(xzj +u
muw=t o gtllt)

vl— ngebr*a Calc, Dther‘ Pr‘gnIlZI Clean UP
T

" homot_(u, 0, -4, 1.2 5 5

. TGS BIPYY Y RN i 4
{3 2B o] %

® oot _{u, 2,2, 3522
3-t
2

-2}

t

Einy
2

Done|

3-2intZ) }
-y EEimb oy

ulx=trutit)

w2[11xtICtIcansCid[2TrutICED

HMAIN RAD AUTO FAR 420

MAIN EAD AUTO FRE_15/20

MAIN

EAD AUTO
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See finally the family of rotated sine waves on the Tl-screen. Plotting takes some time!

1" |_Fzr Fz Fu FEr Fe= |F?

1 Few | _FF |F4 |FET]_ FBT N
- E Zoom|Edit| < |A11|Stale|s us T ] * f=—|Zcom|Trace|Rearaph[Math|0raw| -

FLOTE
wrtl={ocoslk) -t —sinfkl-sinlt) cosik)-sirk
fi-m
L 16

Lial, 18]

uti(to)—{cos(ky*t—sin<{k)*sintt.
HE

FAIN EAD AUTO Fi FAIN EAD AUTO FAE

In my opinion it might be a nice task for students to transfer the transformations on the Tl trying to
overcome all problems. There are transformations left (eg shear). So they could also accomplish the

collection of planar transformations. Josef

Aufgaben aus der Elektrotechnik — nicht nur
fiir den Unterricht in beruflichen Schulformen

Problems from electrical engineering — not only for Vocational Schools

H. Scheuermann & N. Wild, Hofheim, Germany

Mit diesem Beitrag mochten wir anwendungsorientierte Beispielaufgaben aus der Elektrotechnik

E™ vorstellen. Die

fir den Schulunterricht unter besonderer Beriicksichtigung von DERIV
Aufgaben stammen aus unseren Unterrichtskonzepten fiir die beruflichen Schulformen
Berufliches Gymnasium und Fachoberschule mit den Schwerpunkten Elektrotechnik bzw.
Informatik sowie (nach angemessener didaktischer Reduktion) fiir die Teilzeitschulform
Berufsschule (insbesondere Kommunikationselektronik). Alle Beispiele wurden von uns im
Unterricht dieser Schulformen meist mehrfach ausprobiert und evaluiert. Aufgrund der — nach
unserer — Einschétzung positiven Unterrichtserfahrungen glauben wir, dass sich die folgenden

Anwendungsaufgaben — zumindest partiell — auch als Unterrichtssequenzen fiir den Mathematik—

oder Physikunterricht an den allgemeinbildenden Schulen eignen.'

1. Aufnahme der Kennlinien eines belasteten Spannungsteilers2
Characteristics of a loaded voltage divider

Aufgabenstellung: I

—_—
Die Kennlinien eines belasteten Spannungsteilers
(vgl Abb. 1) sollen graphisch dargestellt werden.
Durch Verdnderung des Lastwiderstands Ry soll -3}

dessen Einfluss auf den Verlauf der Kennlinien I
untersuchtwerden.

Problem: Give the graphic presentation of the Fa

characteristics of a loaded voltage divider.
Investigate the influence of the load resistor R, on lh
the characteristics.

L3

By

o L

Abb. 1: Belasteter Spannungsteiler

Das DERIVE-Listing’ konnte folgendermaBen aussehen® — bis zur normierten Form (Ausdruck #12)

The DERIVE-procedure could look like as follows — up to the normalized form (expr # 12)



p28 H. Scheuermann & N. Wild: Elektrotechnik (1) D-N-L#14
R2-RL-U
) ) UL == -
Calculation of the total resistance Rg #8: 2
with Rp = R1 + R2 as resistance of the potentiometer. R2 - R2-Rp - RL-Rp
#1:  CaseMode := Sensitive Division by U and normation by substitution:
. InputMode := Word Fi=ULU, R2 =x* Rp and RL = Rpiz
UL R2-RL
R2-RL - -
#3: Rg:=Rl + ——— #9: ] 2
R2 + RL R2 - R2-Rp - RL-Rp
R2-RL Rp
#4: Rg := (Rp = R2) + (x-RpJ-
R2 + RL uL z
#0: — = -
U U 2 Rp
L8l s = (x-Rp) = (x-Rp)-Rp - -Rp
Rg z
U-{R2 + RLD UL b
Ig == - _ = -
#6: 2 #11: U 2
R2 - R2-Rp — RL-Rp R |
Ig-R2-RL Domain: [0,1]
#7: u iz —— Wie plot some characteristics by variation of z
R2 + RL and now with DERIVE 6 wie add a slider bar to animate the characteristic!
Fiwx, zJ :=
#12: If0<x<l
- x/(x"2-z = x-z = 1)
#13: VECTOR(F(x, z), z, [0, 0.8, 2, 4, 8, 16, 401
TABLE(F(x, 2z) := , x, 0,1, 0.001
#14: IT0<x<l
- x/(x"2-z = x-z = 1)

40.00

01 02 0.3 0.4 0,5 0.6 0.7 0.8 09 1
Abb. 2: Kennlinien des belasteten Spannungsteilers

Durch Variation von z (hier z € {0, 0.8, 2, 4, 8, 16, 40}) erhélt man die Kennlinienschar im Plot-
Fenster (vgl. Abb. 2).

Variation of z -z € {0, 0.8, 2, 4, 8, 16, 40} — gives the family of characteristics.
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2. Die belastete Spannungsquelle — The loaded supply point

Aufgabenstellung: I — .

Gegeben ist eine Spannungsquelle mit dem In-
nenwiderstand R; und einem regelbaren Lastwi-
derstand Ry (vgl. Abb. 3). Die Leistung Py soll
in Abhédngigkeit vom Lastwiderstand R
untersucht werden.

B
lis8

Problem: Given is a supply point with an internal
resistance R, and a regulable load resistor R;. - l
Investigate the power P, in dependence on R,. (It

might be easier for the students to work with =77
special values for the source voltage Uy and for

R). Abb. 3: Belastete Spannungsquelle

Wie bei den folgenden Aufgaben ist auch bei dieser die Wahl eines geeigneten, adressatengerechten
Anspruchsniveaus unabdingbar. In diesem Sinne konnten die inhaltlichen Anforderungen reduziert
werden, wenn fiir die Quellenspannung und den Innenwiderstand bereits in der Aufgabenstellung
Zahlenwerte angegeben werden. Diese didaktische Reduktion ermoglicht die Koordinaten fiir die
maximale Leistung ohne groBeren rechnerischen Aufwand aus dem Funktionsgraphen mit Hilfe des
Cursors auszumessen. Dieser Vorgehensweise entspricht u.a. der Losungsvorschlag in Abb.4°.

Die Auswertung der Zeilen #1 bis #9 (inkl. Funktionsgraph) legen die Annahme nahe, dass die Lei-
stung am Lastwiderstand maximal wird, wenn R; = R; gilt. Die Verallgemeinerung und damit die
Richtigkeit der Annahme beweisen die folgenden Zeilen im Listing (vgl. Abb. 4°).

Interpretation of expressions #l to #9 including the graph gives the idea that power will be maximal at
the load resistor. Generalization and with it the truth of this assumption can be shown in the following
listing -see fig. 4°,

Eine alternative Losungsvariante weist das folgende DERIVE-Listing auf. Da hier auf das Instrumen-
tarium der Differentialrechnung verzichtet werden kann, eignet sich dieser Losungsweg auch fiir die
11te Klasse des BGs in der Oberstufe. Diesem Losungsansatz liegen pragmatische Uberlegungen
zugrunde. Die Leistung P;, am Lastwiderstand kann als Produkt aus Spannung und Strom beschrieben
werden, also P. = U, -I. Die Variation des Lastwiderstands R; € [0, o] bewirkt eine Anderung beider
Faktoren. Die Grenzwerte von Ry zeichnen sich durch ihre praktische Bedeutung aus:
() Ry =0Q (Kurzschluss) — der Strom I wird maximal, die Spannung U, =0V — P, = 0W
short circuit
(II) RL — o (,,offene* Klemmen) — die Spannung wird maximal, der Strom [ = 0A — PL = 0W
open binders
Da fiir 0 < P; <o die Leistung P, > 0 ist, muss mindestens ein R; existieren, das fiir P, ein Maxi-
mum besitzt (dies ist anschaulich klar; der mathematische Hintergrund, dh der Satz von Rolle, sollte
aber in diesem Zusammenhang kein Thema fiir den Unterricht sein). Das Auflosen der Gleichung
nach Ry in Zeile #3 fiihrt zur Losung einer quadratischen Gleichung mit positiven bzw negativen
Wurzeltermen (Zeile #4). Die Existenz von zwei Losungen wird in der graphischen Darstellungs-
bene plausibel, wenn das Diagramm in Abb. 4 durch eine Parallele zur ersten Achse
(mit 0<P; <Py ) erginzt wird. (Die Sekante weist mit R ; und R, zwei Schnittpunkte auf). Durch
Verschieben dieser Parallelen in positiver Richtung der zweiten Achse geht die Sekante in eine
Tangente (mit Py, = Py .« und dem Argument Ry, = Ry, ) iiber. Bezogen auf die Losungen der
quadratischen Gleichung bedeutet dies, dass die Diskriminante gleich Null wird (Zeilen #5 ff).
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#1: [CaseMode := Sensitive, InputMode := Word]

uo 2
#2: PL=z | ——| -RL
RI + RL

uo 2
#3: SOLVE|PL = | —— | -RL, RL
RI + RL

2 2 2

JUO = 4.PL-RI)-|UO| 2-PL-RI - UD JUO = 4-PL-RI)-|UO|

#4: RL = = - v RL =

2
2-PL-RI = UO

2-PL 2-PL 2-PL

Setthe discriminant = 0

2
2 o
#5: SOLVE({UD = 4-PLmax-RI = 0, PLmax) = | PLmax =
4.RT
expr #3 = expr#6 and solve for RL:
2
o 2 o
#65: SOLVE| | ——— | -RL = , RL | = (SN v UD = 0D
RI + RL 4-RI

Compare the DERIVE screens from 2007 and 1994
- [5)x.

#1:  [InputMede = Word, CaseMode i= Sensitive]

solve 1st derivative = 0

Hauptbedingung - Main condition
#2: PL(RL) = UL-I
2nd derivative

d 32
“® [7} PLCRLY =
d RL

Nebenbedingungen - Side conditions

2
Uo
# W= T.RL, Toie — 2-Uo -(RL - 2.RT)
RI + RL ¥
Substitute for UL and | and simplify resulting in the (RL-4RL)

main condition dependent on one variable RL:

d
#7: sowg[f PL(AL) = O, RLJ = (L =tav R =RIvUo=0)
4 AL

2
RL-Uo
#. PL(RLY =
2 ¥
(R + RL) E_RIE gg
Special values for RI = 08a and Un = 12 4515 <0 for Bl and U = 0 — Maximum gg
2 45
RL-1Z 4
#5:  PL_CRL) :=
2 0
(0.8 + RL) 5
\Restn:tlun of the domain far plotting lg
#:  IF(RL = O, PLL(RLY) éo
-5 1 2

2-PL

17: "Z. Ableitung PLZ(RL} bilden™
“Haupthedingung (HE)™

B Bi

1:
2
2:  PL (RL) =L I 2o ¢ -2 Ri)
18: PLZ (RL) iz e
3: “Nebenbedingungen (MBen)™ 4
CRi » RL)
4 W = 1RL
|
Uo Lo
LT I 19: PLZ GRi) = - €8 "sit Ri,Uo > 8 ==> Maximun™
Ri + KL

6: "MBen in HB cinsetzen and vereinfachen ==» Zielbed ingung"”

Vo 42
7: PL (RKL) :=[ ]
Ri + KL

8: “Verte Rl = 0.6% and Up = 12V einsetzen”
t3
I'n

18: “Ei & des Def imiti i Fiir RL"

9: PL (RL) := [
@8 + HL

11: IF (RL 2 8, FL CRL))
12: “1. Ableituwy PLI(RL) = 4 PL(AL)/(4 RL) hilden”
k]
Us (Ri - KLY
13: PL1 (RL} i= ——————
3
(Ri + RL)
14: “1. Ableitung gieich @ setzen”

15: PLY (RLY = @

16: KL = RE

COMMAHD : Center Delete Help Hove Options Plot Quit Scale Ticks Windou Zoom

Enter option
Eross x:0.8 yi45 Scalc x:6.Z y:z.5

berive 20-plot

Abb. 4: DERIVE™.unterstiitzter Lésungsweg zur Bestimmung der maximaten Leistung P,
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3. Der Effektivwert eines sinusformigen Wechselstroms —
The effective value of a sinusoidal alternating current

Aufgabenstellung:
Beweisen Sie, dass der Effektivwert® eines sinusformigen Wechselstroms berechnet werden kann
durch die Formel

1

_ max

Ieti' - \/5 :

Problem: Proof that the effective value of a sinusoidal A.C. can be calculated by the formula given
above.

#1: [InputMode := Word, CaseMode :z Sensitive]

Labour of direct current at an ohmic resistor B during a period T

2z
#2: [W_ = P_-T, P_ iz R-Ieff }

2
#3: W_ = Teff -R-T

Function for alternating current

#4: ICtD = Imax-SINCw-t + 4D

Labour of A.C. at an chmic resistor & during a period T:
2

-
#5: Ww := [ Pw dt, Pw:= R-I(t)
0

The definition of the effective value leads to equation
#6: W_ = Ww

2z 2z 2z
2 Imax -R-SINCZ-T-w + 2-¢) Imax -R-SIN(Z2-¢2 Imax -R-T
#7: Ieff -R-T = = + +
4-w 4-w 2

Substitute the angular frequency by 2 /T

2 2-1
Imax -R-SIN[2-T- + 2--:1)} 2 2
2 T Imax -R-SIN(Z-¢2 Imax -R-T
#8: Ieff -R-T = = + +
2-m 2-1 2
4. 4.
T T
2
P Imax -R-T
#9: Teff -R-T =z ———
2
2
2 Imax -R-T
#10: SOLVE| Ieff -R-T =z —, Teff
2

J2-Imax J2-Imax
#11: Teff = = —— v [iSEp= s v L — [ v T = 0
2z 2z
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0% B8 20-plot 2:1 =13

#1: [CaseMode := Sensitive, InputMode := Word]

#2: [Imax =4, =50, @ :=0, w: 2-m-f]

#3: IGCt) = Imax-SINCw-t = @)
Tnax S S ST PUDL DU SR

12

#5: QDN . 5258427124

#4: I_(t):

Abb. 5: Wechselstrom AC = 1Q)(t), Effektivstrom I _(t)

4. Einstellung des optimalen Arbeitspunkts bei symmetrisch angesteuerten

Transistorstufen — Adjustment of the optimal operating point at symmetric steered
transistor steps

Aufgabenstellung:

Gegeben ist eine Transistorstufe laut Schaltbild (vgl.
Abb. 6). Vom Transistor sind das Ausgangskennlinien-
feld (Ic = f(Ucg), zB als Derive-Listing) und die maxi-
male Verlustleistung P = 45W bekannt.

(D Bestimmen Sie den Arbeitspunkt der Transistor-

stufe fiir eine maximale Leistungsverstirkung mit
Usg, Rc als Parameter (Ansteuerung mit einem

symm. Wechselspannungssignal).

(II)  Die Betriebsspannung Ug betrage 12V. Berechnen Uee
Sie R unter Beriicksichtigung von (I). v 7‘L

(IIl) Zeichnen Sie den Graph fiir die Widerstandskenn- 1 '
linie in das DERIVE-Ausgangs-kennlinienfeld und . g

iiberpriifen Sie die Ergebnisse aus (I).

Abb. 6: Transistorschaltung

Problem: Given is a transistor step (fig. 6). We know the family of output characteristics of the
transistor and its maximum power loss P = 45W.

() Find the operating point for a maximum power amplification.

() Operating voltage = 12V. Calculate R¢ under consideration of (l).

(1 Plot the characteristic of the resistor to the family of output-characteristics and check the results
of (1).

#1: [CaseMode := Sensitive, InputMode := Word]

Task ()
Equation of the hyperbola for the maximum powerloss

P
#2: IptUce) :=

Uce




D-N-L#14

H. Scheuermann & N. Wild: Elektrotechnik (1)

p33

The 1st derivative of Ip(Uce) is Ip1

d
#3: IplCUce) := IpCUce)
d Uce
P
IplUce) = =
#4: 2
Uce
Equation of the resistor line
1 Ub
#5: Iw(Uce) = = —-Uce +
Rc Rc
15t derivative of hwi is w1
d
#65: Twl{Ucel) := Tw({Uce)
d Uce
1
#7: Iwl(lUce) = = ——
Rc

The coordinate Uce in the osculation point

#8: [Ip(Uce) = IwUced, Ipl(Uce) = Iwl(Ucel]

P Ub = Uce P 1

#9: Uce Rc

Solve this system for Uce (= volatge in the operating point) and Rc

T P Ub - Uce P 1 3
SOLVE = , = , [Uce, Rc]
#10: Uce Rc 2 Rc
Uce
2
Ub Ub 2
#11: Uce = —— A Rc = s Rc-Uce = 0 A Rc-Uce £ 0
2 4-p

Substitute for Uce in #2 = {collector) current ¢ in the operation point

Ub 7 2-P
#12: IpL—J =
2 Ub
Task (I}
Replace Uce in #9 (1st component) by Ub/2, solve for Re and substitute the given values
P Ub - Uce
#13: =
Uce Rc
Ub
Ub = ——
P 2
#14: =
Ub Rc
2
Z2-P Ub
#5: —— =

Ub 2-Rc
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2.P Ub Task (Il
#16: SOLVE[— = , Rc] Resistorline: replace Rc in #5 by Rc of #17
Ub Z2-Rc
Ub - Uce
. #20: Iw(Uce) =
Ub Rc
#7: Rc =z ——
4.p Ub - Uce
Twilce) = ——
2 2
12 #21: Ub
#18: Rc =  —
4.45 4-P
#19: Rc = 0.8 Ub - Uce 4.P-(Ub - Uce)
#22: Re 2
Ub
4-45-(12 - Uce)
#23: 2
12

conMnAND : JYIETIRY Center Delete Help Move Options Plot Quit Scale Ticks Window
Zoom

nter option
En'lss x:0.85 y:-2.25 Scale x:8.8 y:1.5 Derijve Z2D-plot
Abb. 7: DERIVE™-Graphik: Ausgangskennlinienfeld, Verlusthyperbel, Widerstandsgerade, | = f(U)

Original screen shot from DNL#14

! Den fachlichen Hintergrund beschreiben zB [1] und [2].

? Eine ausfiihrliche kommentierte Unterrichtssequenz iiber den belasteten Spannungsteiler in [6].

’ Die Bezeichnung DERIVE-Listing beinhaltet die Gesamtheit aller Schreibzeilen zur Lsung einer Aufgaben-
stellung.

* Selbstverstindlich konnen bzw. miissen bereits bei der Aufgabenstellunge der Lerngruppe entsprechende
angemessene Vereinfachungen wie zB konkrete Zahlenwerte fiir U, Rp, Ry vorgenommen werden.

> Das Cursor-Kreuz im Plot-Fenster weist das Maximum des Graphen der Funktionsgleichung P, =f(R,) aus; die
Koordinaten des Kreuzes konnen links unten abgelesen werden, also x =R~ 0,8 und y = P (Rpy) = 45W.

® Effektivwert: Der Effektivwert I eines Wechselstroms ist der sich aus den Augenblickswerten I(t) ergebende
Dauerwert, der in einem ohmschen Widerstand die gleiche Warmearbeit erzeugt, wie ein Gleichstrom der
gleichen Hohe (aus [4], Kapitel 2, S 33).

will be continued in DNL#15




D-N-L#14

Josef Lechner: CONWAY s Game of Life

p35

Josef Lechner realized J.H.Conway’s famous Game of Life for Derive. | copy the first lines of the 1994
DERIVE code together with one result. In the recent Derive version we can use the Derive Unicode
font, which shows the “living cells” in a better way. Josef

Conway s CAME of LIFE

Josef Lechner, Viehdorf, Austria

(In 1994 the SUB-Operator was not available. We had to enter ELEMENT(a,i,j) instead of ayiyj.)

#1: LIFE — A Game from J.H.Conway

#2: An attempt with DERIVE {Josef Lechner)

#3: We have three creatures n our miniworld
o0 0 0 0 07
o001 0 0
#4 world:=| 0 0 1 0 O
o001 0 0
L O 0 0 0 0]
CREA(a, 1, i) =
If ap13 =1
#5 "az"
”ND”

#6: CREA(world,

#7: CREA(world,

#31: t=| 0 1 1

o001

o0
#32: EVOL(t, &)
o 0o

o001

#33: 0111

1 0 0 0

0111

#34: took 114.8 sec 1in 1994,

2,3

1, 1

11
1 0

01

= ¥Yes
= MNo
0 0 0 o001 0 017 o 01 0 0 01 11 0
1 1 0 o1 0 1 0 01 1 1 0 1 0 0 01
o1 0| 1 0 0 0 1 4 1 1 a0 1 1 | 1 0 0 01
1 1 0 o1 0 1 0 01 1 1 0 1 0 0 01
0 0 0 o 0 1 0 0] o 01 0 0 01 11 0
1 1 0 o1 11 017]
1 01 1 00 01
011 1 00 01
1 01 1 00 01
1 1 0 o1 1 1 0 1]

takes now 0.55 sec!

You can find numerous great websites dealing with the Game of Life:

http://www.radicaleye.com/1lifepage/
http://www.ibiblio.org/lifepatterns/
http://de.wikipedia.org/wiki/Conways Spiel des Lebens




p36

Josef Lechner: CONWAY s Game of Life

D-N-L#14

1 and 0 (living cell and free cell) are replaced by two Unicode symbols m and -. You can get
these two symbols by typing 25A0 Alt-C and 2027 Alt-C and formatting the characters as
DERIVE Unicode in a Word document. In Derive you can produce them by calling

CODES_TO_NAME([127, 50, 53, 97, 4&, 127, 50, 4&, 50, 5510 = m-

Now you can copy and paste the two symbols. For easier editing the various miniworlds | am
using | and f for living and free cells.

#1: CODES_TO_MAME([127, 50, 53, 97, 48, 12¥, 50, 48, 50, 55]) = m-

Life - A Game from J H.Conway
An Attempt with DERIVE {Josef Lechner)

YWWe have three creatures - living cells - in our miniwaorld

#2: [Ti=m, f:= ]

£ f
f f
#: world:=| £ f
f f
L £ f
#4:  world =

FOfOf
:

-
“ h h h
“ h h h

Some functions in the minivorld:

CREACa, 1, 712

If al11] = m

#5: "Yes"
n O”
”NO”

#65: CREA{wor1d, 2

#7: CREA{wor1d, 1

numCa, 1, 70 :
If aj14] = m
1

#8:
0
0

, 3) = Yes

, 13 = No

NB(a,i j) looks for existing neighbours

NBCa, 1, 70 :=
If 1>0xa (J>0a (1 < DIMENSIONCa1l) A J = DIMENSIONCa)))
#9: nuna, 1, 70
0

N(a,i JJ counts the number of neighbours

#10: N(a, i, J) :=

NB(a, i -1, j - 1) + NB(a, i - 1, ) + NB(a, i -

1, j + 1) + NB(a,

i, J - 1) + NB(a, i, J + 1) +MB(a, i + 1, j - 1) + NB(a, i + 1, j) + NB(a, i +

1, j +1
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There are three functions for the game:

LIFECa, 1, j) =
If num{a, 1, J)
1

1w §N{a, 1, 33 = 2w Ni{a, 1, 70 = 32
#11:
.F

DEATH(a, 1, ) :=

If num{a, 1, J)
#12: 1
.F

1w iN{a, 1, 33 = 3 v M{a, 1, 70 = 22

BIRTH(a, 1, ) :=

If num{a, 1, J)
#13: 1
.F

0 aNCa, 7, 33=3

MGia,i ) determins whether the cellis living in the next generation or not.

NG(a, 1, 77 =
If num{a, 1, 32 =1 & (N{a, 7, 33 = 2w N(a, 7, 33 = 3}
1
#14: If num{a, 1, 33 = 0 ~ N{a, 1, 33 = 3
1
.F

MG (&) finds the full next generation.

#15: NGl(a) := VECTOR({WECTOR{NG(a, 7, 73, 1, 1, 33, 3, 1, 33

#16:

rf 1 f7
#17. s=| £ 1 f

L f 1 f

_ . :
#1&: == .

L = _
#19: NGl(=l = | m m =m

We want to observe the evolution of the population of miniworld 5

#20:

#21:. EVOL(world, steps) := ITERATES{NG2(m), m, world, steps)

#22° EVOL(s, 3) =

MG2(a) = VECTORCWECTORCNGCa, j, 1), 1, 1, DIMENSIONCa 37, 3, 1, DIMENSIONCa))
1
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Example 2:
Fffff
Ff1Ff

#230 t=| F 1 1 1 f
FffFf
FffFf

#24:  EVOLCt, &)

[ ] [ ] ]
] L I B ] ] [ ] [ ] LI I [ ] [ ]
#25: - " mom - [, "mm - | P P | s - |, = - m A ] S m
] L I [ ] LI I [ ] [ ]
[ ] ]
] "= = "= m
L I B ] [ ] . ] [ ] [ ] [ ]
[ I | [ I | [ ] ] [ I | [ I |
L I I | [ ] . ] [ ] [ ] [ ]
] "= = "= m

This took 115 seconds in 1994, now it needs only one second for evaluation. A famous pattern is the
following — see first one gliding step and then starting the GLIDER from left above gliding gently down:

This is the famous GLIDER

#26. gl =

[ ] [ ] ] [ ] ] ]
#27: EMOL(g1, 4) =

LI I | | I | ] [ ] | I | [ ]

[ ] | I | L I | LI I |

| allocate the glider in the left upper corner of our 6 by 6 miniworld and then start the gliding process:
You can experiment with various patterns starting in a larger world — see the “globe”.

[ F 1 fF F F F]
fF1FFF

117 F FF
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S S |
[ f f f Ff f f f f f f ]
ffffffFfFfffF
ffffffFfFfffF
ffffffFfFfffF
f f f f 1 f f f f f f
£32: globe = £ £ £ £ 1T 1 1 £ F f F
ffff1fFfFfffF
ffffffFfFfffF
ffffffFfFfffF
ffffffFfFfffF
Lf f Ff F f f f f f f ]
EXETF YO globe, &)
#34: [ I ] [ I | [ ] n

As Josef Lechner wrote in a private communication he used Conway’s Game of Life in Information

Technology as an example for programming with two-dimensioned arrays.

| remembered that | should have a paper on the Game of Life among my many collected articles from
various newspapers and journals and finally | found an article from Scientific American 1984 where

another cellular automat was presented:




p40 Josef Lechner: CONWAY s Game of Life

D-N-L#14

The Fredkin-Automat:

Cnly the neighbour cells in horizontal and vertical direction are responsible for the next generation.

If the number of "living" neighbour cells is even then the actual cell will die,
if the number is odd, then the cell remains living or comes into life.

#35: NF(a, 1, j) = MNBla, i -1, ) + WB(a, 1, 7 - 1) + MBa, 1, J + 11 + MB(a,
MFG(a, 1, 30 :=
Tf MOD(NFCa, 7, 4, 2) = 1
#36; L
F
#37- NFG2(a, 1, i) := YECTORCWECTORCNFG(a, §, i), 1, 1, DIMENSION(ELEMENT{(a1)),
#3%: EYOLF(world, steps) := ITERATESCNFGZ(m), m, world, steps)
CECRINEY O F(globe, 4]
#40: LI I ] [ I | [ I | LI I ] LI B ] [ I | [ ] [ ]
[ [ -] [ | [
n n n n n n n n n n n
n n n n n n | | n | | n | |
#41. EVOLF(gl, 4) =
| | n n n n n n n n n n | | n n n
n n n n n | | - - | |
n n n n n n

Have a 21 by 21 globe with two living cells
and follow how this world will develop.

#57: globe 12 =

The two Josefs wish much fun creating your
own patterns of life.

T+ 1, 3]

i, 1, DIMENSION(a))

http://www.univ-lemans.fr/enseignements/physique/02/divers/fredkin.html
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Titbits from Algebra and Number Theory (2)

by Johann Wiesenbauer, Vienna, Austria

Hi, out there! Josef Bohm did a fabulous job when acting as my ghost writer last time, but here I am
myself -eius ipsissimus, as it were. Before going to new stuff, I'd like to add a few comments to the
DERIVE listing in DNL #13 (revised version) on page 31. Its main purpose was to show that Euclid's
algorithm for the computation of the greatest common divisor of two natural numbers ¢ and b (in
symbols gcd(a,b)) can be easily implemented in DERIVE - even in its extended form which is often
used to solve linear congruences, as shown below.

For didactic reasons I started with the function euclid (a,b) which yields the divisions of Euclid's
algorithm for ¢ and b in a neatly arranged form. In (5) you can see its output for the values
a==1234567891 and b =234567891. In particular, the last nonvanishing remainder, which is 1 in
this case, is the gcd(a,b). (Here and hereafter, if necessary , consult any textbook on Number Theory
for the mathematical background, for example [1].)

What about the number of steps needed for eucTid(fb1(14), F1b1(13D)
Euclid's algorithm? It is easy to see that it is [377 = 1 .+ 233 + 144 ]
strongly connected with the magnitude of the 2323 = 1 . 144 + &
quotients which are all 1 in the worst case as e.g. W4 = 1 - 8 55
in (19). Therefore you get an upper bound for the o=l s
number of steps needed to calculate the ged(a,b) 550=1 34 + 2
for a,b < s by counting the number of steps of the Z Z i i : 1:
algorithm of Euklid for the largest adjacent pair o1 s .
of the Fibonacci sequence e 1 e . s
0,1,1,2,3,5,8,13,21,34,... 5 =1 . 3 4+ 2
3 =1 . 2 + 1
below s. L,

Exactly this is done in (9) — (26) for s = 10'”. (Note that the disappointing calculation time in (26) is
by no means representative for actual applications of Euclid's algorithm since it is caused almost
totally by the unnecessary storing of the whole tableau! In 1994 it needed 65 sec, now we need only
0.05 sec.) In the following the result is derived in another way.

For this purpose the explicit formula for Fibonacci numbers is needed, namely
1145 (1-+5)
F=— : -
Nl 2

[1_\/§Jz0.618<1 and (HZ\E

2

Since

-

this yields

F [lﬂ

! 2
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On the other hand, n—2 is exactly the number of steps for the calculation of the ged(F), ,F, ;) (see

145
2

above). Therefore its value is about ;log s , where A =

is the number known as the "golden

ratio" (cp. (24), (26)). In particular, it depends only linearly on the number of digits of s which is the
best we could expect!

On the other hand, the number of steps you get on average are not much better than those in the worst
case (see below). It can be shown that in some sense the most likely value is about

12In2

TCZ

Ins (again this t!) which is about 40% of the maximum.

100 100
DIM{eucTid(RANDOM{L1O ), RANDOM{10 1) = 180

100 100
WECTOR({DIM(eucT1d{RANDOM(10 3, RANDOM(1O 3232, k, 53 = [198, 169, 178, 205, 191]

2
m

12.LNC2) 100 12
2

- LN(10 3= | — - 100}-LN(2) - 100+LN(5D
m

12.LN(2) 100
— NGO ) = R

2
m

As for the EEA applied to a and b, each line
o n Xy X% vy yl
of the output (cp. 31)) has the following meaning

r=x_a+y_b, r=xa+yb.

1

In the last row, apart from r, = gcd(a,b) (2. entry) also the coefficients x, and y, (4. and 6. entry,
respectively) can be seen. Again, the whole tableau is presented here only for didactical reasons,
usually we are only interested in a subset of these three numbers! For example, we could use the EEA
to compute the inverse of a mod m, in case ged(a,m)=1:
INV(a,m) = IF(GCD(a,m) =1,
MODELEMENT(ITERATE(IF(MOD(ELEMENT(x,1), ELEMENT(x,2)) = 0, x,
[ELEMENT(x,2), MOD(ELEMENT(x,1), ELEMENT(x,2)), ELEMENT(x.,4),
ELEMENT(x,3) - FLOOR(ELEMENT(x,1)/ELEMENT(x,2))- ELEMENT(x,4)]), X,
[a,m,1,0]),4),m))
For those of you who are still here I am going to unpack now a little present as a reward: A truly
powerful powermod-function! One day in the not too distant future the programmers of DERIVE will
be merciful to those of us who are in desperate need of a fast and efficient built-in routine to compute
large powers @" mod m, but until then take this one:
PM(a,n,m) = IF(n < 0, PM(INV(a,m), —n,m),
ELEMENTTERATE([IFIMOD(ELEMENT(x,3),2) =1,
MOD(ELEMENT(x,1)' ELEMENT(x,2), m), ELEMENT(x,1)), IF(FELEMENT(x,3) > 0,
MOD(ELEMENT(x,2)*2,m), ELEMENT(x,2)), FLOOR(ELEMENT(x,3),2)],x,
[1,a,n]),1))
There are a lot of useful applications for this utility function. For instance, it can be used to emulate
RSA public-key cryprosystem with realistic numbers, as it was shown in [2]. Furthermore many
primality tests require the computation of large powers a" mod m. Let me conclude with some
examples of this kind:
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Some examples of primality testing using the subsequent powermod-function Ph
INV(Ca, m) =

#1: If GCD{a, m) = 1
MODCELEMENT (ITERATE{IF (MOD{ELEMENT (x, 17, ELEMENT(x, 20 = 0

20, ELEMEMT(x, 43, ELEMEMT{x, 37 — FLOOR{ELEMENT(x, 10 /ELEMENT
PMCa, n, m) :=
Ifn=<0

#2: PMCIMY(a, m), —-n, m)
ELEMEMT{ITERATEC[IF(MODCELEMENT (%, 33, 23 = 1, MODCELEMENT (x

IFCELEMENT (%, 3) = 0, MODCELEMENT(x, 23"2, m), ELEMENT(x, 233,

10100+ has no prime divisor = 1000, as itis shown by

PRIM{n) =
If MEXT_PRIME{n — 13 = n
#3: f
1
100 1000
#4 GCD[lO +9, T PRIMCn)] =l
n=2

Ewven so, itis not a prime by Fermat’s theorem:

100 100
#5: IF(PME2, 10 + & 10 +9y=1,1, 0 =0

needs 0.031 sec-in 1994 2 0 sec.
And with the built-in MEXT_PRIME function

100 100
#5: IF(NEXT_PRIME(1O + &) = 10 +9, 1, 00=20

0.041 sec against 3.7 sec.

Cin the other hand ...

100 100
#7: MEXT_PRIME({1O0 3 - 10 = 267

100 100
#E: IF(PME2, 10 + 266, 10 +267)=1,1, 00 =1

It passes also the Miller-Rabin test for base 2:

100
10 + 266 100 100
#9: PM 2, ——— 10 + 267 - 10 - 267 = -1
2

Johann Wiesenbauer provided a DERIVE 6 file for his Titbits 2. You can download it together
with all other files connected with contributions of DNL#13.
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You can find here an addition to the file of the last DNL.
Some new functions and results. (ed.)

TEILER (n, s) returns the smallest non trivial divisor of n < if there is one, otherwise it
returns 1.

PRIM (n) returns n, if n is a prime number, otherwise 1.
PRODUCT (PRIME (k) ,k,2,1000) is the product of all prime numbers < 1000.

FERMAT (v, a,b) returns a list of all elements from v, which satisfy the so called “Little
Fermat” for base a after adding the base of number b.

INV and PM must be preloaded as a Utility file.

#1: INW{1234557, 2345670 = 9540
#2: INW{1234567, 254) = 7
#3: GCD(1234567, 254) = 127

#4: TEILER(n, s) := ITERATE(IF(t > s, 1, IF(MOD(n, t) = 0, t, NEXT_PRIME(t))), t, 2)

100
Tistl = [ITERATE[[IF[TEILEREIO + X%, 1000] =1, APPEND(x , [x ]). ¥ ]. X+ 2}. %, [[1, 11, 499]]
2 1 2 1 2
1

#5:

#6: Tistl = [9, 37, 39, 61, 63, 99, 103, 111, 123, 133, 151, 159, 177, 207, 211, 223, 229, 253, 261, 267, 2Vl, 273, 277,
283, 291, 321, 331, 263, 369, 391, 411, 433, 453, 463, 499, 511, 529, 531, 547, 559, 5Y9, 583, 583, 597, 609, 613,
627, 639, 643, 649, 663, 667, 669, 679, 691, 697, V11, V21, 729, V33, Y41, V53, V57, V63, VVl, 7&l, V&3, V93, &11,

&7, 831, 849, 853, 857, B85, 919, 921, 937, 939, 949, §57, 9¥3, 981, 991, 993]

#7 DIM{Tistl} = &85

pramin) =
If MEAT_PRIME(nh — 1) = n
#&: n
1

#9: pram{100)

1]
=

#0: pram{101) = 101

1000
#11 M prmk) =1
k=2
102
#12 M primk) = 232852364358457360900063316880507363070
k=2
103
#13 M primiki =1
k=2

Derive has problems with upper bounds = 10211 This does notwork!l Let’s try another wiay:
#14: VECTOR(pram(k), k, 50) = [1, 2, 3,1, 5,1, 7, 1,1, 1,11, 1,13, 1, 1,1, 17, 1,19, 1,1, 1, 23, 1,1,1,1, 1,

29,1, 21, 1,1,1,1,1, 37,1, 1, 1, 41, 1, 43, 1, 1, 1, 47, 1, 1, 1]

#15:  pl000 = Tk, k, VECTORCpramik), k, 100012

#16: plO00 :=

Advice from Johann Wissenbauer take 1 as last argumentl
#18: T(prim(kd, k, 2, 1000, 1) =

19590240644999083431 2625081 982063810461 239723905 859368223 8826053 2896 8666316237987 0661 8519516487 89482321596 22955511 54~
360191491855 297252152667 2829228295085 264902336273139240401 793514201095 8261 3926349594 71 4837571967 2167224341 006711 85~
16227661133135192488848989914 8921571 8830867989687513743951933850396 809490554975 028640710603 38265 866606835292010116~
3591790003990449506520329974954 29859931 3466981480531 8474080581 207851125910
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#19:

#20:

#21:

#22:

#23:

100
Tist2 = [ITERATE[{IF[GCD[lO + %, plOOO] =1, APPEMD{x , [x ]), ® ], ® o+ 2}‘ %, [[1, 11, 499}]
2 1 2 1 2
1

Tist2 := [9, 37, 29, 61, 63, 99, 103, 111, 123, 133, 151, 159, 177, 207, 211, 223, 229, 253, 261, 26V, 2¥l, 273, 277,
289, 291, 321, 331, 363, 369, 351, 411, 433, 453, 463, 499, 511, 529, 531, 547, 559, 579, 583, 583, 557, 609, 613,
627, 639, 643, 649, 663, 667, 669, 679, 691, 697, 711, 721, 729, 733, V41, 753, V57, 763, VY1, 781, V83, 793, E&ll,

81V, 831, 849, B53, 857, 889, 519, 921, 937, 939, 949, 957, 573, 981, 991, 593]

DIM{T1=t2) = &5
pl0000 = Tk, k, WECTORCpram(kD>, k, 1000033

pl0000 :=

594506795 7990860 30868564 02224 250344565068 032244067932 7938 3067039161404 056 38 3834 34 7445 33 22055545 21 3055814 07 72884 04616570074 71864 08641 5~
175506655216194 7514 0008 7432883351062 72856533078 719760677 79473728 74194618099 224 56614 2568 267 08 72713351 588556814 7A61 4846 208 2514 28 06651 24~
GER8054559885 36230730280 2000068 708607324 35105794 04545164 0561 (M1 775 74461 72184 26011 793 28 333049 7R 784511 379086 7376 074 071 79 04679 7 3 (1.05594]
#065195674 08963191 39767941 3359791469 2461424520686 205118 2094 08181 544 7 3566003556578 58593644 2585 201 7393504 74 32096608 314 3068 7685914 2 265284~
GER607470604 7442641821131 377607 336540802008 7402 3081 0287632356 264165104 05555 2081 72 2302366 74 78711 20360 26075028 007 5 02 06 084 5 0262 20665066
66156361791 014935954 7204 2038355530021 33250 34 0205608 26306 200 3269056 7414106 0667002659 2745134 7856203346 743580258 03545398871 338664 34 2565~
5280066661 5074 220857502563 (M108R 750 24RE5 (145774 08 244 264 32460075004 20076141 3774 31 750084826 248 27 205308 2627004 (N1 24 5 31 0600086644461 261 5~
FEB377 790601 24866641531488 351006 07030024 791A750613207952 7834 37248 23657 77505790921 03551 54055 254 (0B 358 39524 (86144 361 584 29306 7 3888972504 7~
76466114 76752243024 76105002718 (0944 70145918 7464030660055 7851014677 316523034 726044 306368 33778711 310024 5601 235705650816 327 N 60RE 3153208~
5032406525 290468 (1 4888481 8689916 224411 24 552649162524 557196 3741062587 27 773637 20800071259 08660590314 049976 205281 064 7032357 288795811995~
9540131335272440349204 312060756705 70046337211 00RE 2867 318 EEEL0414 7230262 38 0651 27 (0B06R64 5 2 (87574040 761 7R0R 0E60R1 218 781 31 36000044 063~
4115438415047 215317106461 795366151 FAR0L4 398RR071R96 2 2824 0817 295393922057 004 20144922307 2236273458767 07465251 2060052626 22236311161 4497~
25541834 0027558549961 08 3220862304251 7921 Y618 301 5261 5171 26 28 70 05280 33708 3696 7RE445 76 216735378565 23300053587 31807 21 24 76 0403375226341 20
4561470324 736719261 056152348 35041956551 569232557 32306 0407645 3250650487124 7852758331 5981 20454634 1857 0951 34 5674 7OLA2 330400 2622851727 270~
37285211251244 3400026361 742211 76 781 260586188162 3500811524 08 21 34 7 (01 71 73204 7R80REE6 32224 067 773104430274 211966811931 2654166321 21 24 2457~
161474538634 380394 0231687 7152280468 1988916026 32606578 7787492924035 71 70263 78 320819741 34637 M4 026451921 53657633824 3322267400651 08 38 055~
3511902541581 785 7075652758 045539565068 0445521 263383302314 34466 20488859 36508561 5358 03800 24 24 054 057330841 73304 78045 24 0203 241631072371 53~
228494308837 273562387 04116556046 7007455 3000685218 70641608491 753327581721 50251 2136374 7054978 108 0461 037088 37208 22 03 085 23797 30088618065~
7579623801 001186636658 03301933554 3200086285181 7233730964 2511 7379066 20779 7455596 34 18855 Y1 SAR0 04466445319 007 76 019 2467 211 2 0865 21 288946~
5917043536481681304 0533359065 34 2508 74 3800641 52 0648 280K 3825841 2 346448 7R00651 24558168 27004 21588 70338 335997 2 34819 03480 316488 764 0217 008966
BEB1724473684711923562904935580002 72051 79193628 29 218441 7445521 68 2865417 356879247 291984 5585 38957916 001 70372255284 21651544 28081393965~
4170285373291 706295805445995 200406264 001 9165884206424 704 74 261878671461 72671 00194576 7308 335 268 505414 284 (RA 5 281 25611 26 36857 3445 7LA020 25~
3338999558 0098 74580324 383254 70071662434 76192858600 735336 26 0255588581 71 26 7151 2242 044613 79 7R 281 546851804 08 2528 281 711 5377696676461 7751~
20750071 210851 527 2846378200022 2] OS] 5303064 32007935 7608186 26 2035 0204607 7 705024816 26861844 26541 464 24862 085216114 2024 344 007 058684597 02~
7070224524 38996402557 508514 0605 7436740085931 230006 3001 26038 009 00016 721197 36141 6668 564481 Y1 38078155611 70258 3231 2710039041 398538035351 7~
BE2677322407306085511 76127 282161 628467681 241 b00ROG 74 04675 71 0280361 7308 3440 2801 265 741411863 74600274 06 74 7 24 (L 359458 246 75 02 06 7214 LO6 00R 5~
S7725075983521 2621 242944853319496441 084441 34 38664463808 7696 761 337 0281793088 5404 3028865857 3281 3028 7674 232333665194 768953224 05863717514~
4828035161 5451932064274 7521 06688 318 766058111101 8224 71R7R07E 2684006 726078 04 2650645 7R 060581 24 7706 205503441 336 04 2254 6024 5464608 00081 7 72
SORBAT 2609935597489 268037 33413712141 2345059869191 580212291 361 3669446370194 2 218462 255974 014 056255306938 74 7 23700374068 54 221 734 05 219385~
BE16752541672563R 58 0266 200650048000 24 27BRR4 731921 72604328 024657352711 321 07428 2046971 721 448 51 (RBAG2 77 26065116 2235005645241 8 2449685004~
326453057611 33002204888 7958 7244539567207 33374 364 7215113231 04 35349658392 7094 76049568 778503105068 7852 3001614 33757934 364 774 35167 35318593~
S4BLL3IRGL27R5167R6 30 660R4RIG7] 73647703336 008 716485 2763116463055061 31123276 703531 (8 353751 3044518 349 04 01 75 3R 08 3RB 063460811 342616562257~
57314283260943 216017294 09500285951 584257 748116741 71676375345271111 30465710

0.5 secll

#24:

#25:

#26:

4297
pl0000 = 5.949067957.10

fermat{v, a, b) := (ITERATEC[IF(PM(a, b+ v -1, b+w )=1, APPEMD(x , [v J), X J,x o+ 1}, %, [[], 1]
x)2 1) 2 1 %2 1 P
DIM(w)2)
1

100
fermat({1ist2, 2, 10 J = [267, 949]

Dr. Wiesenbauer’s email address, if anyone wants to contact him is

J.Wiesenbauer@tuwien.ac.at

Nobauer W. — Wiesenbauer J., Zahlentheorie, Prugg Verlag, Eisenstadt 1981

Heugl H. — Kutzler B. (ed.), DERIVE in Education — Opportunities and Strategies, Chartwell-
Bratt Ltd,
1994, p 51 - 61
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The Girl with Long Hair

J.M. Cardia Lopes, Porto, Portugal

Sometimes DERIVE gives unexpected but funny pictures with PLOT. Please see what DERIVE returns when
we try to display the direction field for the equation together with two particular solutions:

4 4
y'——y+2x+—:0
x x

4oy 4
DIRECTION_FIELD{ -2 - — =, =1, 1,10, v, -1, 1, 10]
® ®

=t

==SSS\

ZELECT OME 15T-0ORDEF FUNCTION OMLY

|’F1 ‘|’ Fer T rsvT i T FE FE™
- E AlasbralCalc|0ther PPngDTClean Upﬁ
L] deSDlve[U' - 4:‘

+2'X+Y=E|,><s‘:l

TSR RSN
I
iy

g=E1-x4+x2+1
lsolue[g=@1-x4+x2+1,@1]|x=1 and ok

el=-1
lsolue(g=@1-x4+x2+1,@1]|x=.5 and uk
Bl =-12.00
W Xx M4 ™24] Bl1dlx=.5 and v=.5
HMAIN EAD AUTO DE 3E0
4 2
Aoy 4 x -x +w -1
#2:  DSOLWEL| - + 2%+ —, 1, %, v, 1 1|l=|——— =0
x 4 4
%
4 2
¥ -x +y -1 4 2
#3: SLVE|——  © " o y|l=Grz-x +x% +1)
4
%
4 2
#4:  TABLE(- » +=x +1, », -3, 3, 0.00)
4 2
4.y 4 12w - x +y -1
#5: DSOLWEL] - + 2-x + —, 1, x, v, 0.5, 0.5 = =0
x b4 4
%
4 z
12 - +v -1 4 2
#5 SOLYE =0, y|l=(y=-212% +x +1)
4
%
4 2
#7:  TABLE(- 12.x +x + 1, =, -3, 3, 0.000)
- |za0m|Trace Rear-aphMath|oraw] = ¢ [IC
IR IR
A R AP | LA R T T T T
L A A A BOROLOL O
LN A 1EI BIEEEREERE
D A/ A I 3 S I e e e e e e
L ! 1EI ! [T T SR
[ | LEL I} 1 [T
I T | NI I T I R T S B
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